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PREFACE. 

In composing the treatise here offered to the student of 
Elementary Geometry, it has been my principal object to 
present the subject as a logically coherent body of pro- 
positions obtained by the simplest lines of deduction from 
postulates explicitly stated, and to extend its scope beyond 
the rather meagre range of the first twenty-one* propositions 
of Euclid's Eleventh Book, which has long been the cus- 
tomary limit of the young student's formal study of Solid 
Geometry. With this object I have found it necessary to 
deviate considerably from Euclid's sequence of propositions 
and largely to modify his demonstrations. At the same 
time, as the deviations will, I believe, be found to be in 
the direction of simplification by bringing the propositions 
nearer, along the line of deduction, to the fundamental 
postulates, I think that the student who gets up the subject 
from this book will, even as regards mere examination pur- 
poses, be at no disadvantage from not having studied the 
text of Euclid, as it appears in the usual editions. 



VI PREFACE. 

Many of the demonstrations in Euclid's Eleventh Book, 
notably those of Props. 4, 6, and 8, are highly artificial ; 
and I believe this to be mainly due to his dealing with per- 
pendiculars before parallels and intersections, and treating 
the latter as dependent on the former. In Section I. of 
this work I have treated of Intersections and Parallels, and 
then in Section II. proceeded to deal with Normals and 
Obliques. In the latter I have assumed an axiom, which 
I have not thought it necessary to state, because it is a 
general axiom, applicable to magnitudes of all kinds, and 
not specially a postulate of Geometry, and because I hold 
that it is not logically necessary, but only a question of con- 
venience, whether such general axioms or common notions 
(the Kotvat lio'ouw of Euclid) should be explicitly stated, 
while logical coherence requires that every special postulate 
should be distinctly enunciated. The axiom may be thus 
stated : " If a magnitude be such that it cannot be made 
to vanish, there is a finite value, or a set of equal finite 
values, of that magnitude less than any other values." 
From this I establish the existence of a normal at every 
point of a plane, and the properties of normals then directl- 
follow. I would invite attention to the simplicity attaint 
by this mode of treatment, and to facilitate comparison 
have added to each proposition a reference to the cor 
sponding proposition in Euclid. 



In Section III. I have treated of Dihedral and Solid 
Angles, and in Section IV. of Polyhedra, and in particular of 
the five Regular Solids, with the definitions and a summary of 
the leading characteristics of the Prism, Cylinder, Pyramid,' 
Cone, and Sphere. 

In Section V. the Volumes of Solids are considered, and 
the usual rules or formulae for the numerical measures of 
volumes in cubic units deduced. To this Section I have 
added an Appendix on Symmetry, which I hope will be 
useful in assisting the student to clearer conceptions of 
figures and their relations in solid space. A short word 
has long been wanted for the decasyllabic ''rectangular 
parallelepiped ": I am sanguine that the word "cuboid,'* 
which I have here introduced, will meet with acceptance from 
mathematicians. 

In the concluding Section (VI.) I have given a sketch of 
the leading elementary propositions of Spherical Surface 
Geometry, partly as throwing light on, and suggesting con- 
venient modes of treatment of problems in Solid Geometry, 
and as leading up to Spherical Trigonometry, but mainly 
with a view to a comparison with corresponding propositions 
in Plane Geometry. 

I have prefixed to the whole a " Preliminary Discussion 
on the Postulates of Geometry." It is in my opinion highly 
desirable that the student should at some point in his course 
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examine carefully into the fundamental assumptions of 
Geometry, and the logical affiliation of its propositions. 
This is clearly impossible till he has attained to some famili- 
arity with the subject, and it can hardly be done satisfactorily 
till he is prepared to enter on the study of Solid Geometry ; 
but he may, and probably in most cases will, postpone it till a 
later period : accordingly I have made the rest of the book 
quite independent of this discussion, which may be read or 
omitted by the student without prejudice to his clear under- 
standing of the propositions in the Sections which follow. 

It will be seen that I have, in accordance with my title, 
strictly confined myself to the Elements of Solid Geometry, 
to the exclusion of the higher methods and results of 
Modern Geometry. These may best be studied in separate 
treatises, such as the " Projective Geometry " of Cremona, 
rather than in detached fragments introduced into a book 
whose main method is Euclidean, but to such treatises I 
have hopes that the present may form a useful introduction. 

I may add, in conclusion, that this treatise has been de- 
veloped out of a " Syllabus of Solid Geometry," which I 
submitted to a Committee of the Association for the Improve- 
ment of Geometrical Teaching, and which that Committee 
received with a considerable amount of favour. Finding 
that it was difficult to make clear the intended thread < 
connection in the Syllabus by the bare enunciation of 
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Theorems in a certain sequence, I was led to write out the 
demonstrations, and then it seemed to me desirable to go 
further than I had originally proposed, and make a treatise, 
which might be considered as fairly complete, within the 
limits of Elementary Geometry, for the young student. In 
making this statement I must not be understood to claim 
for my work that it is issued with the sanction or authority 
of the Association or of the Committee referred to above. 
I am alone responsible for the entire contents, though I 
gratefully acknowledge that I have profited by the criticisms 
on my Syllabus of certain members of the Committee. 

K.. B. XI. 
Harrow, April, 1890. 
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ELEMENTS OF SOLID GEOMETRY. 



PRELIMINARY DISCUSSION 
OF THE POSTULATES OF GEOMETRY. 

The student of Geometry, who has acquired some 
familiarity with the subject, will find it profitable, in order 
to attain a view of the science as an organic whole logically 
deduced from a few simple conceptions, to examine and 
arrange in logical order those fundamental conceptions of 
space (however derived), which lead to the fundamental 
postulates ^ (or so-called axioms) of geometry. A suitable 

^ I use the word as the equivalent of Euclid's air^/Aara, under which 
he rightly includes what modem editors, following some ancient com- 
mentators, reckon as the loth, nth, and 12th Axioms, and under which 
he might well have included the 8th also. The remainder of the so- 
called axioms are fitly termed by Euclid, Koival Hvvoiai, — common no- 
tions. The distinction of postulate and axiom as corresponding to 
that of problem and theorem is not fundamental, and is not Euclid's. 
His idea seems to have been the more logical one of distinguishing the 
special assumptions of geometry, every one of which ought to be ex- 
plicitly stated, from those more general "common notions" (applicable 
to all kinds of magnitudes) of which he stales oiiV^ >3ao«»^Ni\C\Oft.'\Nft.\sssi's5<w 
frequently requires, without attempting to mak^ 1i)[vfe\\^\. ^-^^^ssCv^^* 
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occasion for doing this arises, when, passing from plane 
geometry, he commences the study of geometry in three- 
dimensional space. It is with the object of facilitating such 
an examination, that the following short discussion is intro- 
duced as preliminary to the sections of this treatise in 
which the elementary propositions of solid geometry are 
established. 

It should, however, be understood that this discussion is 
in no way a necessary preliminary to the study *of those 
sections, so that it may be read independently of the rest 
of the book, or omitted altogether, at the discretion of the 
student or his teacher. 

I. Our conception of space is that of an imlimited 
extension on all sides. 

A finite portion of space regarded as separated from the 
rest, is termed a solid. 

That which separates one portion of space, whether 
finite or infinite, from the rest and which is no part of 
either, is termed a surface. If the portion separated is 
finite, the surface is a closed surface. 

That which separates one portion of a surface, whether 
finite or infinite, from the rest of the surface, and which 
is not part of either, is termed a line. If the portion 
separated is finite, the line is a closed line or curve. 

That which separates one portion of a line from the rest, 
and which is not a part of either, is 2i point. 

Of a point we can predicate position in space and nothing 

else. In other words, two points can only differ in, or be 

compared as to, position. Such terms as size^ shape, &c., are 

inapplicable to points. A point may be determined as the 

end of a terminated line, or as the irvletseeXioxv oi x.-^o \\x\^^. 
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Points, linesy surfaces, and solids form the subject-mattei 
of Geometry. 

2. The ^rst postulate of Geometry is, that any point, line, 
surface, or solid, or any combination of these, may be con- 
ceived to have its position in space changed without change 
in any other respect. Or, using the Xtim figure in the general 
sense of any combination of points, lines, surfaces, or solids, 

Post. i. Any figure may be transferred from one position 
in space to another without change of shape or size, 

3. If one point of a figxire is given in position or fixed, the 
possible changes of its position are limited, but it is still 
free to change its position subject to this one condition. 

If a second point in the figure is also given in position or 
fixed, the figure is still free to change its position, but in a 
manner still further limited. The motion, by which the 
change from one position to another is effected in this case, 
is called rotation. In rotation there is a series of points 
forming a line passing through the two fixed points, whose 
position remains unchanged by the motion. This line is 
termed the axis of rotation. 

If, farther, a third point in the figure, not in the axis of 
rotation, is given in position or fixed, the freedom to change 
its position ceases, and the figure is determined in position 
or fixed. 

In general, then, a figure of given form and size, that is, 
whose configuration, or the relative positions of whose parts 
are all given, has its position determined by the positions of 
three of its points. 

4. Lines. A point in moving from one position to another 
passes along, or is said to describe or generate, a line. TK\s. 

^ 7. 
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line is said to be the locus of the moving point. The line, 
though generated by the point, is not made up of points, 
for a point is defined as being of no size and so no part of 
a line. 

The position of one point on a line relatively to another 
on the same is defined by a single element, termed the 
distance between the points along the line, or the length of 
this part of the line, with the addition of the statement 
whether this length is measured in one of the two senses^ 
forwards or backwards, along the line. For most purposes 
in elementary geometry, it is not necessary to regard this 
distinction of sense along a line, but in the higher geometry 
it is of essential importance, and the distinction is denoted 
by the signs + and - . 

Since one element (a length or distance) is suflScient to 
define the position of one point on a line relatively to 
another, a line is said to be a magnitude of one dimension : 
or, Linear Geometry, which is concerned with points on a 
given line or lengths measured along the same, is one- 
dimensional, 

5. The Straight Line. In general the position of a line 
of given form, as of any figure, is determined, when the 
positions of three points upon it are given, but this does not 
exclude the possibility of some special line being determined 
completely by two points. Accordingly we may state as 
the second postulate of Geometry : 

Post. 2. For any two given points there is a line passing 
through both which is completely determined^ both as to form 
and position^ by the two points. 

Such a line is said to be straight. 
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There is only one straight line determined by two points : 
for if there were more than one, since by the postulate each 
is completely determined by the two points and by nothing 
else, there would be nothing to distinguish between such 
lines, or they would be identically the same. 

A straight line must be indefinitely extended in both 
senses, for to limit it would be to introduce another condition 
for its determination. 

Any portion of a straight line between two points on it is 
usually termed a finite straight line, ^ or, simply, a straight 
line. 

The straight line through two points in a figure, being 
completely determined by the two points, remains unchanged 
in position, while the figure rotates about the two points 
fixed. Hence an axis of rotation is a straight line. 

All the parts of a straight line are identically alike, or 
any one part is superposable on any other part so as to 
coincide with it. 

For take the straight line passing through the points A, B, 
and let the line be moved and replaced on A, B, in a 



A B P Q 

new position so that the point P in it falls on A, and Q on 
B, then the line must by the postulate occupy the same 
position in space as before, since it is completely determined 

1 On account of the importance of distinguishing in words between 
the infinite whole of a straight line and a finite length on a straight line, 
some authors call the part of a straight line between two points the Join 
of those points. The term has hardly been generally accepted, and the 
author would suggest the word lin^ as preferable both in sound and 
sense. 
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by A and B alone ; therefore the part between P and Q 
must be exactly like the part at first between A and B^ 
so that either of these parts if placed on the other would 
coincide with it. 

The shortest distance between two points is that along the 
straight line passing through them. 

Assuming^ that only one distance can be measured 
between two points less than any other distance between 
them, that distance must be that measured along the straight 
line joining the points ; for, if measured on any other line, 
the position of that line could be altered by rotation about 
the two points, so that the same distance could be measured 
on more than one line between the points. 

From the foregoing discussion, the usual assumptions as 
to the straight line obviously follow, namely : — 

That one straight line and only one can be drawn between 
two points and produced indefinitely beyond those' points. 
{Euc. Post. I, 2 ; PL G?" Ax. 2.) 

That two straight lines cannot enclose a space. {Euc, 
Post. 5 in some MSS., Ax. 10 of modern editors.) 

That two straight lines which meet in one point cannot 
meet again unless they coincide. {PL G, Ax. 2, ^.) 

6. Curves, Lines not straight are termed curved lines or ' 
curves^ and are determined as to form and position by not 

^ This assumption ought perhaps to be stated as a distinct postulate, 
though it would seem to be involved in the notion of the- least distance 
between two points being dependent on the positions of the two points • 
in space and on nothing else. 

^ The Elements of Plane Geometry ^ or the Syllabus of the same, 
published by the Association for the Improvement of Geometrical 
Teaching, will be in this book referred to as PL G. 
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less than three of the points through which they pass. The 
only curve determined completely by three points (not in 
the same straight line) is the circle. 

7. Surfaces. If two points are taken on a surface, of all 
the lines that can be drawn on the siu-face through the two 
points there must always be one, and in general only one, 
whose length is less than that of any other. (Thus a fine 
thread drawn tight between points on a surface will coincide 
with a particular line on the surface, and in general with no 
other. In the case of a sphere this line is a great circle of 
the sphere.) Such a line may be termed the direct'^ line on 
the surface through the two points. In certain cases there 
may he points so related that any number of direct lines 
can be drawn between the two points, as in the case of the 
direct lines (or great circles) joining the opposite extremities 
of a diameter of a sphere, but these cases are exceptional 
and confined to particular surfaces and to points on such 
surfaces specially related to one another, while for all other 
pairs of points there is only one direct line passing through 
them. 

The position of one point on a given surface relatively to 
another point on the same requires two independent elements 
to define it, which may be taken as the length of the direct 
line between the points and the direction of that line, or the 
• angle which it makes with some definite line through the 
second point. Since these two elements (or two others 
equivalent to them) are necessary and sufficient to determine 
the relation between two points on a given surface, a surface 
is said to be a magnitude of two dimensions^ and the 

^ In the higher geometry such a line is termed a geodesic line. A 
simpler term seems desirable, at any rate in elementary geometry. 
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geometry of points, lines, and figures on a given surface is 
two-dimensionaL 

8. The Plane, If between two points on a surface, a 
straight line can be drawn without leaving the surface, this, 
being the shortest possible distance between the two points, 
must be the direct line on the surface through those points. 
This leads to the following postulate : 

Post. 3. There is a surface such that every direct line 
between two points upon it is straight. 

Such a surface is termed a plane surface^ or, simply, a 
plane. This postulate is usually assumed in the definition 
of a plane which we have adopted in Section I., namely : 

A plane^ is a surface such that, if any two points are 
taken in it, the straight line parsing through those points 
lies wholly in the surface. 

A plane, like the straight lines in it, extends indefinitely 
in all directions, separating the whole of space into two 
infinite parts. 

A plane is completely determined by three points in it, 
provided they are not in the same straight line ; or in other 
words, there is one, and only one, plane' passing through 
three given points, not in the same straight line. This 
property follows from the definition above given. For if ^, 
B, C be the three points, the straight line through B^ C lies 

^ This is not Euclid's definition, though it is the one adopted in 
modem editions of Euclid. As he defines a straight line as that which 
€| Xaov Tois i<p' kavTrjs crifielois KfTrai, so he defines a plane as the sur- 
face which ^1 taov rdis i<f>^ iavTrjs ivdeiais K€7rai. Whatever the exact 
force of these words may be, they are useless as a definition, since they 
are merely verbal, defining one term by another not more intelligible 
than the first. The latter definition tacitly assumes that there are 
straight lines on the plane. 
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in the plane, and divides the infinite extent of the plane into two 
infinitely extended parts, and if P be any point in the plane, 
the straight line through A and -P, being in the plane by 
definition, must meet that through j5 and C (except only in the 
case of parallelism); hence the whole plane would be 
generated by a straight line through A moving so as to pass 
through every point in that through B and C. The excepted 
case of the points on the parallel to ^C is met by supposing 
the line to pass through B, and move along that through 
A and C This property, which is true of no other surface, 
might have been taken as the definition of a plane, analogous 
to that given above for the straight line. 




All the parts of a plane are identically like, or any one 
part is superposable on any other part so as to concide with 
it. For if the plane through the points A^ B, C be moved 
and then replaced on A^ By C so that another point F in it 
falls on Ay Q on By and R on C, the plane being defined 
V:ompletely by A, By C must occupy the same position as 
before, and then the part of it within the triangle FQR 
exactly concides with the part within ABC* 

9. The two-dimensional geometry of lines and points in 
a plane is known as Plane Geometry. 
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The postulates of plane geometry are those already stated, 
together with that relating to parallels, which may be stated 
in the following form : 

Post. 4.^ Through the same point not more than one 
line can be drawn in the same plane with a given line which 
does not meet that line. 

To this must be added, as the general postulate for the metri- 
cal comparison of all geometrical magnitudes (plane or solid), 
or the fundamental test of equality in geometry : 

Post. 5.^ Figures^ which can be brought into coincidence 
by superposition^ are equal to one another, 

10. In pure plane (or surface) geometry, in which figures 
are limited to remain always in the plane (or surface), a further 
postulate becomes necessary, in order to assert that figures, 
which are equal line for line and angle for angle, are equal 
as wholes, though they may not be superposable as wholes. 
Such a postulate would be this : 

Figures on a plane (or other surface) which are symmetrical 
with respect to a straight (or direct) line in it are equal to 
one another. (See Discussion on S)mimetry, p. 98.) 

The slight sketch of the surface geometry of the sphere, 
in Section VI., will illustrate this. 

Ti. Solid Space. In solid space the position of one 
point relatively to another requires for its determination three 

^ If this postulate is not admitted and it is considered possible tO| 
have more than one line through a point in a plane not meeting a given 
line in the same, a system of non- Euclidean geometry results, definite 
and logically coherent, as was first shown by Lobatschewsky, Professor 
of Mathematics in the University of Kasan, about the year 1840. 

2 For a full discussion of this postulate, see Clifford's lecture on the 
** Philosophy of the Pure Sciences," Lectures attfl Essays ^ p. 222. 
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independent elements, and hence the geometry of solid 
space is said to be three-dimensional.^ 

The particular elements (or coordinates)^ by which the 
relative position of two points is defined, may be taken in 
various ways. Thus if through one of the points three fixed 
straight lines are taken not in the same plane, the position of 
the other may be defined by its distances in the directions of 
each of the three lines from the plane passing through the 
other two. If one only of these distances is given, the point 
is limited to lie in a plane parallel to the other two : if two of 
them are given, it is limited to lie in a straight line parallel 
to the third : if all three are given, the particular point ,in 
this line is determined. These, and other methods of defining 
the positions of points in space are fully developed in 
treatises on coordinate geometry of three dimensions. 

12. The foregoing discussion may be summed up by 
repeating the postulates, to which it has led : 

Post. i. Any figure may be transferred from one position 
in space to another without change of shape or size. 

Post. 2. (The Straight Line.) For any two given points 
there is a line passing through bothy which is completely 
determined^ both as to form and position, by the two points. 

Post. 3. (The Plane.) There is a surface such that every 
direct line between two points upon it is a straight line. 

Post. 4. (Parallel Lines.) Through the same point not 
more than one line can be drawn in the same plane with a 
given line which does not meet that line, 

^ It would be out of place in an elementary treatise to do more than 
allude to the speculations of mathematicians and others as to space of 
more than three-dimensions, since our experience and the resulting con- 
ceptions are limited to three-dimensional or solid space. 
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Post. 5. (Test of Equality.) Figures^ which can be brought 
into coincidence by superposition^ are equal to one another. 

To which should be added, as the test of equality for 
non-superposable figures (see Discussion on Symmetry, 
pp. 98 to 108) : 

Post. 6. Figures which are completely symmetrical with 
respect either to a pointy or to a straight line, or to a plane, 
are equal to one anot/ier. 
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SECTION I. 
Intersections and Parallels. 

The following postulate is usually tacitly assumed in 
elementary geometry, but may with advantage be explicitly 
stated. 

Post. i. Any assemblage of points^ lines, surfaces, or solids 
may have its position in space changed without any change in 
the relative positions of its parts. 

Or, (using the term figure for such assemblage) 

Any figure may be transferred from one position in space 
to another without change in shape or size, 

Def I. A plane is a surface such that, if any two points 
are taken in it, the straight line passing through these points 
lies wholly in the surface. 

A plane must be understood as indefinitely extended in 
all directions, as are the straight lines which lie in it. 
A limited portion of a plane forms a plane figure, 

JDef 2. Straight lines which are in the same plane and 
do not meet (however far extended) are said to be parallel. 

Def 3. A straight line, which does not meet a plane 
(however far extended), is said to be parallel to the plane. 

Def, 4. Planes, which do not meet (however far ex- 
tended), are said to be parallel. 
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Theorem I. (including Euc. XI. 2). 

A plane is determined by 

either (i) three points, not in the same straight line ; 

or (2) a straight line and one point not in that line ; 

or (3) two straight lines which either meet or are 
parallel. 

Let A, By C be three points not in the same straight line. 
Then any plane may be so changed in position as to pass 
through A, next moved about A fixed until it passes through 
By and finally rotated about A and B fixed until it passes 
through C\ it is then fixed in position, and, being completely 
determined by the points A, B, C, may be denoted as the 
plane ABC. 

Also, since the straight line through A and B lies in the 
plane, (Def. i.) 

the plane is completely determined by the line through AB 
and the point C, and may be described as the plane through 
the line AB and the point C. 




Further, since the straight line through A and C lies in 
the plane, the plane is completely determined by the two 
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straight lines AB^ AC intersecting at A^ and may be 
described as the plane through the lines AB, A C, 

Lastly, if two lines are parallel, they are (by Def.) in the 
same plane, and that plane is determined when the lines are 
given, so that it may be described as the plane through the 
two parallel lines. q. e. d. 

Cor. I. A triangle is the only rectilineal figure that is 
necessarily plane. 

Cor. 2. A plane may be generated by a straight line, 
which always passes through a fixed point and intersects a 
fixed straight line which does not pass through that point. 
Also by a straight line which always passes through two* 
fixed straight lines, which intersect or which are parallel. 



Theorem II. (including Euc. XI. 3). 

If a plane and a straight line meet^ they intersect in one 
pointy and if two planes meet^ they intersect in one straight 
line. 

For, if a straight line through a point A without a plane 
meet that plane in the point B^ it cannot meet it again, 
since, if it did, it would lie wholly in the plane (Def. i.) 

Also, if Ay B are two points in the line of intersection of 
two planes, the straight line through A and B lies in both 
planes, (Def. i.) 

and any other point C in their line of intersection must be 
in this line, for otherwise the two planes would coincide : 

(Th. I.) 
hence the planes intersect in one straight liive» <^. ^» \i. 
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Theorem III. 



If three planes intersect each with the otJier two^ the thru 
lines of intersection citJur meet in one point or are parallel. 

Let A^ B^ C be three planes; then the lines of inter- 
section of B and C, of C and Ay and of A and B either 
meet in a point or are parallel. 




If the intersection of B and C meet the plane Am 0\ 
then, since O is in both the planes A and B^ 
the intersection of A and B passes through O ; 
and since O is in both the planes A and C, 
the intersection of A and C passes through O : 
therefore the three lines of intersection meet in (9. 
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If the intersection of B and C is parallel to the plane A ; 
tihen, supposing that the intersections of A and B and of A 
and C met in the point Oy 

O would be a point in the intersection of B and C, 

so that the intersection of B and C would meet the plane A : 
hence the intersections of A and B and of A and C do not 

meet, 

and therefore, being in the plane Ay they are parallel : 

(Def 2.) 

also, being in the plane A, they cannot meet the inter- 
section of B and C, which is parallel to that plane ; 

therefore the three intersections in this case are parallel. 

Q. E. D. 

Cor. If two intersecting planes pass through two parallel 
lines, their intersection is parallel to these lines. 



Theorem IV. (Euc. XI. i6). 

The intersections of a plane with two parallel planes are 
parallel. 

For these intersections do not meet, since, if they did, the 
two planes would meet ; whereas, being parallel, they do not 
meet. 

Further, they are in the same plane, therefore they are 
parallel. (Def. 2.) 

Q. E. D, 



c. 
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Theorem V. (Euc XL 9). 

Lines parallel to the same straight line are parallel to 
another, Ifc 



B 



Let the lines A and B be both parallel to C\ then 
A and B are parallel. 

Take a plane through A and any point P in B, 

Then the planes of the parallels A^ C and B^ C and the 
plane through A and the point P are three planes, each 
intersecting the other two, 

the lines of intersection being A^ C, and a line through P^ 

and since A, C are parallel, the line through P is parallel to 
both ; (Th. III.) 

but there cannot be more than one line through P parallel 
to C, and B is parallel to C, (PI. G.^ Ax. 3.) 

therefore the line through P must coincide with B : 

therefore A and B are parallel. 

^ The reference is to The Elements of Plane Geotnetty^ or Ae 
Syllabus of the same, published by the Association for the Improve- 
ment of Geometrical Teaching, which will be always referred to as 
PI. G. 
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Theorem VI. (Euc. XI. 15 and 10). 

If two intersecting lines are parallel respectively to two 
other intersecting lines^ the plane of the first pair is paralle. 
fo the plane of the other pair, and the angles between the first 
fair equal respectively to the angles between the other pair. 




Let AD, BE, which intersect at C, be respectively parallel 
to MP, NQ, which intersect at O ; 

then the plane ACB is parallel to the plane MON, 

and the angle ACB equal to the angle MON, 

A, M being on the same side of CO in the plane A CO, 
and B^ N being on the same side of CO in the plane 
BCO, 

First. The planes A CB, MON are parallel. 

For, if the planes ACB, MON meet, 
their intersection is parallel to AD arid MB, 
since these lines, through which the planes pass, are parallel 
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and their intersection is parallel to BE and NQ^ sii 
these lines also, through which the planes pass, are paralldj 

therefore the same line is parallel to both AD and BE^ 

which is impossible, since AD and BE intersect. 

Therefore the planes ACB^ MON do not meet ; that 
they are parallel. (Def. 4.) 

Further, the angles ACB^ MONzit equal. 

Join COf and let a plane parallel to CO cut the plane 
the parallels AD^ MP in AM^ and that of the parallels Bk 
NQ in BN\ join AB, MN. 




Then, because the plane AMNB is parallel to CO^ 
AM, BN, CO are parallel : (Th. III.) 

therefore, AC, MO being parallel, and also BC, NO, 
CM and CW are parallelograms: 

therefore AM, BN slxq each equal and parallel to CO, 
and AM is equal and parallel to BN. 

Hence AMNB is a parallelogram. (PL G. I. 31.) 
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^ Then in the triangles ABC, MNO, 

f-^ A£, BC, CA, are respectively equal to MN, NO, OM, 

(PL G. I. 29.) 

^'therefore the angle ACB is equal to the angle MON. 

% . (PL G. I. 18.) 

Also since ACB is equal to Z>C£ and MON to POQ, 

either of the angles A CB or DC£ is equal to either of the 
angles MON or jPOQ. 

In like manner either of the angles ACJS or BCD is 
: equal to either of the angles AfOQ or AOP. Q. e. d. 

Note. — Two parallel lines are said to have the same direc- 
tion, but if they are drawn from (not through) two points, 
they may be either both on the same side of the line through 
the two points or one on one side and the other on the other. 
It is convenient to use the word "sense** (as P>ench mathe- 
maticians use the word " sens " ) to denote ^ likeness or differ- 
ence in this respect, and to say, that parallel lines drawn from 
two points both on the same side of the line joining those 
points have the same or like senses, while those drawn the one 
on one side and the other on the other have opposite senses. 
Then the preceding proposition may be more completely 
and definitely enunciated thus : 

If two lines which meet are parallel (or have the same 
directions^ respectively with two other lines which meet, the 
angle between the first pair will be equal to the angle between 
the other pair, when {Fig, i) both pairs of parallels have like, 

^ A complete discussion of ** sense,** with the use of the signs + and 
- to denote opposite senses, would be out of place here. The above is 
sufficient for the purposes of Elementary Geometry. 
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or both opposite, senses ; but supplementary, when {Fig» «) 
parallels of one pair have like, and those of the other 
opposite^ senses. 



FIg.l 




Fig. 2. 



>^ 



M 



Theorem VII. (Euc. XL 17.) 

If t7vo straight lines are cut by parq^llel planes , t/ie seg- 
ments of the one have to one another the same ratio as the 
corresponding segments of the other. 




Let the straight lines ABC, DEF meet thre/e parqilLid 
planes in A, B, C and Z>, E, ^respectively ; 

then AB\BC\\ DE : EF. 

Join AF, and let G be the point where -^7^ meets the 
plane though D, E\ join BG, GE, AD, CF, 



f^ 
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" Then because two parallel planes are cut by the plane 
^ACF in the lines BG, CF, 

BG is parallel to CF, (Th. IV.) 

and therefore AB\ EC \\ AG : GF. (PL G. IV. 15.) 

In like manner because two parallel planes are cut by the 
plane AFD in the lines GE^ AD, 

GE is parallel to AD, 

and therefore AG\GF\\ DE : EF, 

Hence, the ratios AB : BC and DE : EF being each 
equal to the ratio AG : GF, 

AB \ BCw DE : EF, Q. e. d. 

Exercises. 

1. All lines joining two points in two parallel straight 
lines lie in the plane of the parallels. 

2. If three parallel or three concurrent lines meet the 
same straight line, they lie all in the same plane. 

3. If two planes are parallel to a given line, their inter- 
section is parallel to the same line. 

4. If three lines lie two and two in three planes, thej^ 
are either concurrent or parallel. 

5. If any number of lines diverge from the same point, 
the planes through any two pairs of these lines intersect in 
lines through the same point. 

6. If any number of lines are parallel, the intersections 
of the planes through any two pairs of tliese lines are parallel 
to them. 
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7. If a plane intersect a series of planes all passing fj 
through a given line, the lines of intersection all pass through 
the point where the given line meets the plane, or are 
parallel to the given line, if it does not meet the plane. 

8. Planes through a given point and each of a series of 
parallel lines intersect another plane in lines passing through 
the point, where that line of the series which passes through 
the given point meets the plane. 

(If the given point is the eye and the plane the picture 
plane^ the point in the plane is the vanishing point of the 
perspective representation of the parallel lines.) 

9. If from the extremities of two parallel lines AB^ CDy 
parallel lines Aa^ Bb, Cc^ Dd are drawn to meet a plane in 
a^ b^ Cy d respectively, 

ab \ cd w AB : CD, 

10. If in the figure of Th. VII. CD be drawn meeting 
the plane BGE in K^ the figure BKEG is a parallelogram : 
and the intersection of the diagonals of the parallelogram 
lies on the line joining the middle points of AD and CF, 

11. /*, / are two points in the line AB such that AP = 
Bp : through P^ p two parallel planes pass meeting a line 
A Cm Q, q^ and a line BD va R^r \ prove that the triangles 
PQR, pqr are equal. 

12. If parallel lines drawn through the angular points 
A^ B, C, ... of a plane polygon meet a plane parallel to its 
plane in a, b^ c^ ,,, respectively : the polygon abc. . . is iden- 
tically equal to ABC 

13. If lines drawn from a point O through the angular 
points A, B, C . . of a plane polygon meet a plane parallel to 
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its plane in a, ^, r... respectively ; the polygon adc. is similar 
to ABC.y and the ratio of corresponding sides is that of Oa 
to OA. 

14. If in the preceding question the plane abc,.^ is not 
parallel to ABC,.,, the corresponding sides ab and ABy be 
and BCy ... meet in points lying on the intersection of the two 
planes. 

15. If the triangles ABC, abc in different planes are such 
that AB and ab meet (when produced), as also BC and bcy 
CA and ca \ the lines Aa^ Bb^ Cc meet in one point, or are 
parallel 

x6. AiB^C^, A^B^C^ are shadows on the same plane of a 
triangle ABC cast by two bright points at O^^ O^ : the inter- 
sections of B^C^ and B^C^^ of C^A^ and Cg^g* and of -^^J?!, 
and A^B^ lie in one straight line, and A-^A^^? ^i-^2» ^1 ^a 
meet in one point. 
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SECTION II. 

Normals and Obliques. 

Theorem VIII. 

There is one point in a plane^ and only one^ whose distanu 
from a given point without the plane is less than that of any 
other pointy and the straight line drawn from the given point 
to this point is perpendicular to every straight line through it 
in the plane. 

Let (9 be a point without a given plane, and P any point 
in the plane. 

Then, since O is not in the plane, 
OP cannot be less than a certain finite length. 




If -4 be a point in the plane such that OA is equal to this 
length, there is no position of P, for which OP is equal to 
OAi 
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for if there were, joining AF in the plane, 

OAF would be an isosceles triangle, 

and therefore the angle OAF an acute angle : 

therefore the perpendicular from O on AF would be less 
than OA. (PI. G. I. 15.) 

Therefore there is one point A in the plane, and only one, 
whose distance from O is less than the distances from O of 
all other points in the plane. 

Let FAQ be any line, passing through A, in the plane, 



then OA^ being the shortest distance from A to the plane, 
is the least distance from O to the line FAQ ; 

therefore OA is perpendicular to the line FAQj 

(PL G. I. 15.) 

so that OA is perpendicular to every line in the plane passing 
through A. Q. e. d. 

Def. 5. A straight line perpendicular to every straight 
line that meets it in a given plane is said to be normal to 
the plane, and the plane normal to the straight line. 

CoR. I. (Euc, XI. 13). From a point outside a plane 
one, and only one, normal can be drawn to the plane. 
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Cor. 2. Through any point in a straight line one plane, 
and only one, can be drawn to which the line is normal 

For the plane through A together with its normal may be 
moved till A coincides with the given point and the normal 
OA with the given line, which will therefore be normal to the 
plane in its new position ; and no other plane can be drawn 
through the point, to which the line is normal. 

CoR. 3. All the perpendiculars to a given line at a given 
point in it lie in the plane through that point, to which the 
given line is normal. 

For the plane through OA and any line AM not in the 
plane through A^ normal to OA^ would cut that plane in a 
line, AP (suppose) : and OAP being a right angle, 0AM 
is not a right angle. 

CoR. 4. (Euc. XL 5). If each of three lines, meeting in 
a point, is perpendicular to the same line, the three lines lie 
in the same plane. 

CoR. 5. A line at right angles to a fixed line and revolv- 
ing about that line describes a plane. 
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Theorem IX. (Euc. XI. 8). 

Jf of two parallel lines one is normal to a plane^ the other 
ts normal to the same plane. 



B 




Let the two parallel lines BA^ CD meet a plane in the 
points A^ (7, and let AB be normal to the plane ; then CD 
is also normal to the plane. 

Take AE^ CF^ any two parallel lines in the plane. 

Then, because BA^ AE are parallel respectively to DC^ 
CFy the angle BAE is equal to the angle DCF: 

(Th. VII). 

but, since BA is normal to the plane in which AE is, BAE 
is a right angle, and therefore DCF is a right angle : 

and, C7^ being any line in the plane, DC is normal to the 
plane. Q. e. d. 

Cor. I. (Euc. XI. 13). From a point in a plane one, 
and only one, normal can be drawn to the plane. 

For the parallel, through that point, to a normal from a 
point outside the plane is itself normal to the plane^ and no 
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Other line through it can be normal, since in that cas^- ^ 
parallel to it through the outside point would be normaf, 
which is impossible, because there is only one normal to a 
plane from a point outside it. (Th. VIII. Cor. i.) 

Cor. 2. (Euc. XI. 6.) Normals to the same plane are 
parallel. 

For if Ay C are points in the plane, there is only one 
normal through C and only one parallel through C to the 
normal through A^ and (by the Theorem) the parallel is 
normal ; therefore the normal is parallel ; or the normals at 
any two points A^ C are parallel. 

Theorem X. (Euc. xi. 4). 

If a line is perpendicular to each of two lines at their point 
of intersection^ it is normal to their plane. 




Let the line OA b6 perpendicular to each of the lines 
BAC, DAE, 

then OA is normal to the plane of BAC, DAE, 

For all the perpendiculars to BC at A lie in one plane, 

(Th. I. Cor. 3.) 
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and all the perpendiculars to DE at A lie in another plane, 
therefore there is only one line, the intersection of these two 
planes, which is perpendicular to both BC and DE^ 
and OA is that line. 

Also there is only one normal to the plane of BC^ DE at 
the point A^ (Th. IX. Cor. i.) 

and that normal is perpendicular to BC^ DE^ (Def. 5.) 

therefore OA is the normal at the point A, q. e. d. 



Theorem XI. (including Euc. XI. 14.) 

If two planes are parallel^ a normal to the one is also 
normal to the other : and if the same line is normal to two 
f>laneSy the planes are parallel. 

Let the line OA^ the normal to one plane at A^ meet a 
plane parallel to the first at B : then OAB is normal to the 
second plane. 



VI 




A N 






p 


B Q 



Take FBQ^ any line through B in the second plane, and 
let the plane through OAB and FQ intersect the first plane 
in MAN. 

Then, because the two given planes are parallel, 
MN is parallel to PQ, (Th. lV.> 
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and OAB is perpendicular to MAN, since OA is the 
normal to the plane, 

therefore OAB is perpendicular to PBQ, any line through 
B in the second plane, 

and therefore OAB is normal to the second plane. 

Further, let OAB be normal to two planes through A 
and B respectively ; these planes will be parallel. 



M 


A N 






P 


B Q 



I 



For OAy being normal to the plane through A, is also 
normal to the plane parallel to the first through B (as just 
proved), and there is only one plane through B normal to 
OB, (Th. VIII. Cor. 2.) 

therefore the plane through B is parallel to that through A. 

Q. E. D, 

Cor. I. The normals to parallel planes are parallel. 
For they are all parallel to any common normal. 

Cor. 2. If normals to two planes are parallel, the planes 
are parallel. 

For a line parallel to one normal will be parallel to the 
other, and will therefore be normal to both planes. 
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Theorem XII. 

The intercepts on parallel lines between two parallel planes 
are all equals and the intercepts on the common normals are 
the least of such intercepts. 





B 

Let A£ be the intercept on one line, and CD that on a 
line parallel to it, by two parallel planes; then AB and 
CD are equal. 

Since the two parallel planes are cut by the plane of the 
parallels AB^ CD, 

the lines of intersection AC, BD are parallel, (Th. IV.) 
therefore ABDC is a parallelogram, 
and AB is equal to CD, 

Hence, the common normals to the two planes being 
parallel, the intercepts on the common normals are all 
equal. 

Let AH be the intercept on the normal through A^ and 
join BH, 

Then, because AH is normal to both planes, 
AH'\^ perpendicular to BHy which is in the plane through B : 
therefore AH is less than AB; 

that is, any intercept on a common normal is less than any 
intercept on another line. q. e. d. 
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Def. 6. The point where the normal to a plane from a 
given point without it meets the plane is called ihoprofectum^ 
of the point on the plane. 

Def. 7. The projection of a line on a plane is the locus 
of the projections of all its points. 

Def. 8. A line which is neither parallel nor normal to a 
plane is said to be oblique to the plane. 

Theorem XIII. 

The projection of a straight line on a plane is the straight 
line which passes through the projections of any two points 

in it. 



C M D 

Let A^ B be any two points in a given straight line, and j 
Cy D their respective projections on a plane : then the 
straight line through C, D is the projection of the line 
through Ay B. 

For ACy BDy being normal to the same plane, are 
parallel, (Th. IX. Cor. 2.) \ 

^ When it is required to distinguish this from other modes of projec- 
tion, it is termed orthogonal ^xo]t,c\!\oni but as no other mode of projection 
is treated of in this book, we may speak of it as projection simply. 
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and their plane intersects the plane of the projections in the 

line through C, D : 

and, P being any point in the line AB and M its projection, 

/W is parallel to -^C or BD^ and therefore is in their plane : 

hence M\% in the line of intersection CD^ 

so that the line through (7, D is the locus of the projections 

of the points in the line through A^ B^ and is therefore the 

projection of that line. (Def 6.) q. e. d. 

Theorem XIV. 

If a straight line is drawn from a point in a plane oblique 
to that plafUy the angle which it makes with its projection 
on the plane is less^ and that which it makes with its pro- 
jection produced is greater^ than that which it makes with 
any other line in the plane : and the angles which it makes 
with other lines in the plane are less or greater^ as they are 
nearer or farther from the projection. Also it makes equal 
angles with lines equally inclined to the projection on opposite 
sides of it^ and it is at right angles to that line in the plane 
which is at right angles to its projection. 

From the point d? in a plane let OA be drawn oblique 
to the plane and let OB be its projection on the plane. 

With centre O and radius OB describe a circle in the 
plane ; produce BO to B\ and take OP any radius. 

First, the angle A OB shaW be less than A OP, and A OB' 
greater than A OP. 

For AB, being normal to the plane, is at right angles to 
BB' and BP, and since ABPis a right angle, A Pis greater 
than AB: (PL G. I. 15,) 

Hence in the triangles A OB, A OP, 
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because AO \% common and OB = OP^ but AB less 
than AP, 

therefore the angle AOB is less than AOP. (PL G. I. 17). 

Also since ABB\ ABP are right-angled triangles and 
BP is less than BB\ if ABP were rotated about AB into 
the plane ABB\ P would come to a point in BB' between 
B and B, (Th. VIII. Cor. 5.) 

and therefore AP is less than AB'\ (PL G. I. 15.) 




hence, comparing the triangles AOP^ AOB' (as before | 
AGP, AOB), (PL G. L 17.) ' 

the angle AOB' is greater than A OP, 

Hence AOB is the least, and AOE the greatest, of all 
the angles which AO makes with lines drawn from O in the 
plane. 

Also if OP is nearer to OB than OC is, the angle AOP 
is less than AOC, 
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For, the angle BOP being less than BOC, BP is less 
than BC\ 

and therefore, if the right-angled triangles ABP^ ABC were 
rotated about AB into the same plane, P would be a point 
in BC between B and C, 

and therefore AP is less than AC\ 

whence, as before, the angle AOP is less than AOC, 

Again on the other side of OB take BOP equal to BOP, 
then BP is equal to BP^ 

and therefore, from the right-angled triangles ABP^ ABP, 
AP' is equal to AP^ 

whence, comparing the triangles AOP^ AOP, the angle 
AOP is equal to AOP, 

so that OA makes equal angles with OP, OP, which are 
equally inclined to its projection OB. 

Lastly, if COC is perpendicular to the projection OB^ 
since the angle i?C?C* is equal to BOC, the angle AOC is 
equal to AOC, , 

and they are in the same plane A CC, 

therefore AOC, AOC are right angles, 

and OA is at right angles to COC, which is perpendicular 
to its projection. q. e. d. 

The least of the angles, which an oblique to a plane 
makes with the lines that meet it in that plane is appro- 
priately termed the inclination of the line to the plane. 
Hence 

Def, 9. The inclination of a line to a plane is the angle 
which it makes with its projection on the plane. 
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Theorem XV. 

Of all the straight lines that caji be drawn from a point in 
one straight line to a point in another not in the same plane 
with the firsts tlure is one and only one which is at right 
angles to both lines^ and its length is less than that of any 
other of the lines so drawn. 

Let ABy CD be two lines not in the same plane. 

Then, if through a point in each a line is drawn parallel 
to the other, there are two lines which meet parallel respec- 
tively to two others which meet, and therefore the plane 
through the first pair is parallel to that through the other 
pair. (Th. VI.) 




Let EF be the projection of AB on the plane through 
CD, cutting CD in G, and let H be the point in AB of 
which G is the projection : 
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then HG is normal to the plane through CD^ and therefore 
also normal to the parallel plane through AB ; (Th. XL) 
therefore HG is perpendicular both to AB and to CJD. 

Also, since AB and CD are not in the same plane, 
no other line joining points in AB and CD respectively can 
be parallel to HG, 

and therefore no line but HG can be perpendicular to 
both AB and CD. 

Further, HG being a common normal to two parallel 
planes, HG is less than any other line, not a common 
normal, joining points in those planes ; (Th. XII.) 

therefore HG is less than any other line joining points in 
AB and CD. q. e. d. 

Problem (Euc. XL ii). 

To draw a normal to a given plane from a given point 
7uithout it. 




Let (^ be a given point without the given plane. 
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Draw OP perpendicular to MN^ any straight line in the 
plane. 

Then, if OP is not normal to the plane, it is oblique, and 
if PQ is drawn in the plane perpendicular to MN^ and OQ, 
perpendicular to PQ^ OQ'x'^ the normal required. 

For PR (the normal through P), PO, PQ, being all at 
right angles to MN, are in the same plane, 
so that OQ, PR are in the same plane, and, being both 
perpendicular to PQ, are parallel : 
therefore OQ is normal to the plane. Q. e. f. 




Cor. (Euc. XI. 12), The normal through a given 
point in the plane may be drawn by drawing the parallel 
through that point to a normal drawn from a point without 
the plane. (Th. IX. Cor. 2.) 

Or independently, thus : 

Take MPN, any line in the plane through the given point 
/*, and OP, PQ perpendicular to MN, of which PQ is in 
the plane, 

then PQ is the projection of OP^ 

and PR drawn perpendicular to PQ in the plane OPQ Is 
the normal to the plane at the point P, 
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Exercises. 

1. The points in a given plane at a given distance from 
a point not in the plane lie on the circumference of a circle, 
and the lines joining such points to the given point are 
equally inclined to the plane. 

2. If the normals drawn from two given points to a 
plane are equal, the line joining those points is parallel to 
the plane. 

3. If two lines in one plane are equally inclined to 
another plane, they are equally inclined to the line of inter- 
section of the two planes. 

4. Parallel lines are equally inclined to the same plane 
or to parallel planes. 

5. Of the angles contained by any line in one plane 
and its projection on another plane, the greatest is that 
made with its projection by the line perpendicular to the 
intersection of the planes. 

6. The range of angles which a given line in one plane 
can make with lines in another plane is more limited, as 
the given line is more inclined to the intersection of the 
planes. 

7. ^ is a point in the intersection of two planes whence 
OPy OQ are drawn including a given angle, OF in one 
plane and OQin the other : show that if the angle FOQ be 

•not less than a certain angle, OF or OQ may take any 
direction in its plane, and determine the limits within which 
they must lie, if FOQ is less than this angle. 
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8. If from a point O without a plane, OM is drawn 
normal to the plane and ON perpendicular to the line PQ 
in the plane, MN'is also perpendicular to jP^, and the plane 
MON normal to FQ. 

9. If /W, /Ware normals to two planes which intersect 
in AB, show that AB is normal to the plane MPN, 

10. If each of the angles of a quadrilateral is a right 
angle, the quadrilateral is a rectangle. 

11. If two planes are normal to two lines which do not 
meet and are not parallel, their line of intersection is normal 
to any plane parallel to both lines. 

12. Find a point -P in a plane such that the sum of the 
distances AP^ BPfrom points A, B without the plane is the 
least possible. 

13. If Q be the projection on a given plane of a point 
P, the projection of PQ on another plane is perpendicular 
to the intersection of the two planes. 

14. A thread is stretched tight from a point -4 to a point 
B, passing round a straight edge, not in the same plane with 
AB, and meeting it at P: show that the parts AP, B.P , 
make equal angles with the straight edge, and find the 
position of P, 

15. A thread is stretched tight from A in one face of a 
pyramid to B in another face, passing over an intermediate 
face whose edges it meets in /*, Q\ show how to find the 
positions of P, Q. 

16. The locus of a point equidistant from two given 
points is a plane. 
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17. Find the locus of a point equidistant from three 
given points not in the same straight line. 

18. There is one, and only one, point equidistant from 
four points not all in the same plane. 

19. The locus of a point equidistant from two straight 
lines which meet is a pair of planes perpendicular to the 
plane of the two lines and to one another. 

20. The locus of a point equidistant from three straight 
lines which meet, but are not in the same plane, is a group 
of four straight lines. 

21. No two lines joining points in two lines which are 
not in the same plane can be parallel. 

22. Through a given point there can be drawn one, and 
only one, straight line which meets both of two lines which 
are not in the same plane. 

23. A straight line meets three edges of a cube, no two 
of which are in the same face, in the points Py Q^ R\ show 
that, Q being between P and R^ PR is least and equal to 
three times the edge of the cube, when Q is the middle 
point of one edge and PQR equally inclined to the 
other two. 

24. A line of given length has its extremities on two 
lines not in the same plane : show that in general for a given 
position of one end there are two positions of the other, and 
determine the extreme limits on each line, within which the 
end on that line must lie. 

25. Two fixed straight lines not in the same plane pass 
through a ring of a given diameter \ find the limits between 
which the ring can play. 
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SECTION IIL 

Dihedral and Solid Angles. 

Def, 10. Two planes, which meet and terminate in a 
straight line, are said to contain, or to make with each other, 
a dihedral angle, and the line in which they meet is termed 
the axis of the angle. 

If a plane coincident with one of the planes of a dihedral 
angle turn about the axis of the angle until it coincides with 
the other plane, any perpendicular to the axis in the revolv- 
ing plane will move in a plane perpendicular to the axis, and 
will turn through a rectilineal angle, whose magnitude will 
measure ^ the amount of rotation of the plane. Hence 

Def. II. The dihedral angle between two planes is 
measured by the rectilineal angle between two perpendiculars 
to the axis from the same point in it, the one in one plane 
and the other in the other. 

Def, 12. When the dihedral angle between two planes 
is a right angle, the planes are said to be perpendicular to 
one another. 

^ For equal increments of the dihedral angle involve equal increments 
of the rectilineal angle, which is not the case for any other line than a 
perpendicular to the axis. 
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Theorem XVI. 

The dihedral angle between two planes is equal to one, and 
supplementary to the other, of the angles betiveen normals to the 
two planes. 




Let CD be the axis of the dihedral angle between the 
planes A CD, BCD, 

and let OA, OB be perpendiculars to CD in the two 

planes, 

and let OM, ON be normals to the two planes drawn from 

O, so that, if the plane BCD were made, by revolving round 

CD, to coincide with A CD, (9iV would coincide with OM, 

Then OM, ON, being normals to the planes, are both 
perpendicular to CD, 

and therefore lie in the same plane with OA, OB. 

(Th. VIII. Cor. 3.) 



46 ELEMENTS OF SOLID GEOMETRY, [Sect. III. 

And, since AOM^ BON are right angles, of which the 
part BOM is common, the angle MON is equal to A OB, 

that is, the angle between the normals OM, OJVis equal to 
the dihedral angle between the planes. 

Any other pair of normals to the planes will be parallel 
respectively to OM, ON, 

and the angles between them will be equal to MON, and 
therefore to the dihedral angle, 

if they have both like, or both opposite, senses to OM, 
^A^ respectively ; 

but they will be supplementary to MON, and therefore to the 
dihedral angle, 

if one of them has the like, and the other the opposite, 
sense to OM, (9A^ respectively. Q. e. d. 

Cor. If from a point P, within the dihedral angle, normals 
PQ, PR are drawn to its planes, the angle QPR is supple- 
mentary to the dihedral angle. 
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Theorem XVII. (Euc. XL i8). 

Every plane passing through a normal to a given plane is 
perpendicular to that plane. 




Let (9C be normal to a given plane, and let a plane 
through OC cut the given plane in AB^ then the plane CAB 
will be perpendicular to the given plane. 

Draw OD in the given plane perpendicular to AB. 

Then the angle COD measures the dihedral angle between 
the plane A CB and the given plane, 

but, since (9 C is normal to the plane, 

COD is a right angle, 

therefore the plane ACB^ passing through OC^ is perpen- 
dicular to the given plane. (Def. 12.) 

Q. E. D. 

CoR. I. If a plane is perpendicular to another plane, all 
perpendiculars to their intersection in the one are normals to 
the other. 
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For these perpendiculars, being in the same plane, are 
parallel, and lines parallel to a normal are normals. 

Cor. 2. (Euc. XI. 19). The line of intersection of two 
planes perpendicular to the same plane is normal to that 
plane. 

For the normal at the point, where their intersection 
meets the plane, lies in each plane. 

Cor. 3. If three lines are perpendicular, each to both 
the others, the planes through each pair are also perpen- 
dicular, each to both the others ; and conversely. 

Note. — It should be observed that the direction of a line is 
determined definitely, when it is given — 

(i) That the line is parallel to a given line ; 

(2) That the line is normal to a given plane : 

but only indefinitely, when it is given — 

(3) That the line is perpendicular to a given line ; 

(4) That the line is parallel to a given plane. 

Also that, if parallel planes may be said to have the same 
direction^ the direction of a plane is determined definitely, 
when it is given — 

(i) That the plane is parallel to a given plane ; 

(2) That the plane is normal to a given line : 
but only indefinitely, when it is given — 

(3) That the plane is perpendicular to a given plane ; 

(4) That the plane is parallel to a given line. 
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Further that two line- directions determine one plane-direc- 
tion (of planes parallel to both), and that two plane-directions 
determine one line-direction (of lines of intersection of the 
planes). 

Def, 13. When a portion of solid space is separated 
from the rest by three or more planes, meeting in a point, 
the planes are said to include a solid angle ; and the lines of 
intersection of the planes each with the next are termed its 
edges. 

Def, 14. Solid angles contained by three, four, ... or any 
number of planes are termed respectively trihedral^ tctra- 
hedraly ... ox polyhedral angles. 



Theorem XVII I. (Euc. XL 20). 

Any two of the angles between the edijes of a trihedral angle 
are together greater than tJu third. 

This is evident, if the three plane angles are equal ; while, 
if they are unequal, it is only necessary to prove that that 
one of the angles, which is not less than either of the other 
two, is less than their sum. 

Let O be the vertex of a trihedral angle contained by the 
three planes BOC, COA, AOB (which may be denoted 
thus, 0{ABC\) and let the angle BOC be not less than 
AOB and greater than AOC. 

In the plane BOC draw OD^ making the angle COD 
equal to COAy 
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and let any line BC cut it in Z> ; 

take OA equal to OD^ and join AB^ AC, 

Then in the triangles DOCy AOC, 
OA = OD, OC is common to both, and CO A = COD, 
therefore CA = CI>. 

And because BA and AC are together greater than BC 
or BD and DC, 
and AC = DC, 
therefore AB is greater than BD. 




Then in the triangles AOB, DOB, 
OA = OD, OB is common, and AB is greater than BD, 
therefore the angle BOA is greater than BOD : 
but the angle AOC^DOC, 

therefore the two angles BOA, AOC aie together greater 
than BOD and DOC, 
that is, than BOC. Q. e. d. 
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Theorem XIX. 

The sum of the rectilineal angles in the plane faces of a 
solid angle is less than four right angles. 




Let the number of planes which include the solid angle 
be «, let O be its vertex and let a plane cut its edges in 
A^ B^CyD^ ,,. and its plane faces in the n sides of the convex 
polygon ABCD ... : then the sum of the angles in the n 
triangles, whose common vertex is (9, is 2« right angles. 

The same would be true, if the point O were in the plane 
ABC ,.., in which case the vertical angles at (9 would be to- 
gether equal to four right angles, and the base angles together 
equal to the angles of the polygon. 

But, O not being in the plane, there are trihedral angles at 
each of the points A^ B^ Cy D ,,, 

and at A the two angles OAB^ OAE, which are two of the 
base angles of the triangles, are greater than EAB^ one of 
the angles of the polygon; (Th. XVIII.) 

and similarly 2X B^ C^ D ,,, 
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Therefore the base angles of the n triangles are together 
greater than the angles of the polygon, 

and therefore, the sum of the base angles and vertical angles 
being the same as if the vertex O were in the plane, 

the sum of the rectilineal angles at O is less than four 
right angles. Q. e. d. 

Theorem XX. 

The sum of the dihedral angles between the planes including 
a trihedral angle is greater than two right angles. 




From any point (9, within the trihedral angle 0{ABC), 
let GH, GK, GL be drawn normal to the planes BOC^ 
CO A, A OB respectively. 

Then the angle HGK is supplementary to the dihedral 
angle between the planes BOC^ COA, to which GH, GK 
are respectively normal, (Th. XVI. Cor.) 

so that the angle HGK and the dihedral angle whose axis 
is (9C are together equal to two right angles. 

Similarly for the angles KGL and LGH, 

Therefore the three angles HGK, KGL, LGH, together 
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with the three dihedral angles, whose axes are OC^ OA^ OBy 
are equal to six right angles. 

But the planes HGK, KGL, LGH include a trihedral 
angle since they are not in the same plane, 
therefore the sum of the angles HGK^ KGL^ LGH is 
less than four right angles, 

and these together with the three dihedral angles make up 
six right angles ; 

therefore the sum of the dihedral angles is greater than 
two right angles. Q. e. d. 

Cor. Since O is within the solid angle G{HKL\ as the 
dihedral angles of 0{ABC) and the angles in the plane 
faces of G{IfKL) are supplementary, so the dihedral angles 
of G{HKL) and the angles in the plane faces of 0{ABC) 
are supplementary. 

£x. If the solid angle be «-hedral, the sum of its di- 
hedral angles is greater than 2«— 4 right angles. 

Theorem XXI. 

If the angles in two of the plane faces of a trihedral angle 
are equals the dihedral angles which these planes make with 
the third are equal. 

Let 0{ABC) be a trihedral angle, and let the angles 
A OB, AOC be equal, then the angles which the planes 
A OBy AOC make with the plane BOC are equal. 

Take any point F in OA, and draw FM, FN perpen- 
dicular to OBy OC respectively, 

and in the plane BOC dxdiYf MQ, NQ perpendicular to the 
same lines and meeting in Q, 



54 ELEMENTS OF SOLID GEOMETRY. [Sect. III. 

Then, since OB is perpendicular to both MP^ -MQ^ 
it is normal to the plane MFQ : ^ (Th. X.) 

so likewise OCis normal to the plane NFQ. 

Hence FQ, the intersection of these two planes, is ^ normal 
to the plane BOC. 

Then in the triangles OFM, OFN, 

since the angles FOM = FON, and PMO = FNO, and 
OF is common, 

therefore FM =r FN. 

A 




And in the right-angled triangles FQM, FQN^ 

since FM = FN^ and FQ is common, 

therefore the angle FMQ = the angle FJVQ ; 

that is, the dihedral angle between A OB, BOC is equal 
to that between AOC, BOC. Q. e. d. 

Cor. If the three angles in the three plane faces are 
equal the three dihedral angles are equal, and therefore each 
is greater than § of a right angle. 

1 See Ex. 9, Sect. II. Or thus : lines through Q parallel to OB, OC, 
being normal to the planes MPQ^ NPQy are both' perpendicular to PQ, 
and therefore PQ is normal to their plane, that is, the plane BOC. 
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Theorem XXII. 

A trihedral angle is proportional to the excess of the sum of 
its dihedral angles over two right angles. 



B\ 
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Let 0{ABC) be a trihedral angle, and let its dihedral 
angles, whose axes are OA, OB^ OC respectively, be denoted 
by A, B, a 

If BO be produced to B\ the dihedral angle between the 
planes ABB' and CBB' may be regarded as made up of the 
two trihedral angles 0{ABC) and 0{AB'C\ so that we may 
assert that 

the two trihedral angles 0{ABC), 0{AB'C), are together 
equal to the dihedral angle B, 

or 0{ABC) 4- 0{AB'C) = B, 

In like manner, if CO be produced to C, 

0{ABC)+ 0{ABC') = C, 

and if AO be produced to A', 

0{A'B'C) + 0{AB'O) = A. 
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Also, the two dihedral angles between ABB* and CBB' 
(or B) and between ABB and OBB* are together equal to 
two dihedral right angles, 

therefore 0{ABC) + 0{AB'C) + 0{ABC) + 0{AB' C) 
= two right angles : 

hence, by taking the sum of the angles equal to A, B, C, 
it follows that 

0{ABC) + 0{A'B'C') + two right angles = A -\- B ■\- C) 
and therefore, assuming that 0{A'B'C) = O(ABC) 

(Section V. Post.) 

0{ABC) = 1{A + B + C - two dihedral right angles). 

This relation implies that the unit of measurement of a 
trihedral angle is the same as that of a dihedral angle ; but 
it follows that, regardless of any particular unit of measure- 
ment, 0{ABC) is proportional to A + B + C - two right 
angles. q. e. d. 

Cor. The solid angle between three rectangular planes, 
for which A = B = C = one right angle, is half a dihedral 
right angle, as is obvious. 

Hence the sum of the solid angles about a point including 
all space is four dihedral right angles. 

£x. An ^/-hedral angle is proportional to the excess of 
the sum of its dihedral angles over 2^ — 4 right angles. 

Exercises. 

I. If two planes are equally inclined to a third plane, the 
line of intersection of the two planes is equally inclined to 
their lines of intersection with the third plane. 
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2. If the angle AOC is greater than the angle AOB^ the 
dihedral angle between the planes AOB^ BOC \% greater 
than that between AOC, BO C, 

3. If the angles AOB, AOC in different planes are equal, 
the plane bisecting the dihedral angle between their planes 
is perpendicular to 'the plane BOC. 

4. A line drawn within a trihedral angle from its vertex 
makes with its edges angles, whose sum is less than the sum, 
and greater than half the sum, of the angles of its plane 
faces. 

5. The sum of the angles subtended by the sides of a 
triangle at a point not in its plane is greater than that of the 
angles subtended by the sides of any triangle inscribed in 
the first. 

6. The sum of the angles of a skew {i.e. not plane) quad- 
rilateral is less than four right angles. 

7. Draw a line equally inclined to three straight lines 
which meet in a point. 

8. If each of the sides of the equilateral triangle ABC 
subtends a right angle at O, the lines OA, OB, OC are all 
equal, and the sum of the normals from any point in the 
plane ABC to the planes BOC, CO A, A OB is constant. 

9. Draw a plane perpendicular to a given plane so that 
its intersections with it and another given plane may include 
a given angle. Examine the limits of possibility of the 
problem. 

10. If a plane revolves about a fixed line, through which 
it passes, its inclination to a fixed plane varies between a 
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right angle and a certain minimum angle. Prove this, and 
trace the variation for different positions of tha plane, 
through a complete revolution.' 

11. Find a construction for the trihedral angle, the angles 
of whose plane faces are equal to three given angles. In 
what case would the construction fail, and how ? 

12. If the angles of the plane faces of two trihedral 
angles are equal, each to each, the trihedral angles are 
equal, being either superposahle or opposable {v. Sect. V. 
p. 77). Is the same true if the angles are tetrahedral or 
polyhedral ? 

13. The locus of a point equidistant from two intersect- 
ing planes is the pair of planes which bisect the dihedral 
angles between them. 

14. The locus of a point equidistant from three planes 
which meet in one point, is the group of four lines, in which 
the six bisecting planes of the dihedral angles between the 
planes taken in pairs, intersect three and three. 

15. Into how many regions do four planes, no two of 
which are parallel and no three of which intersect in the 
same line, divide space ? 

Show that in each of eight of these regions, and in no 
others, is there a point equidistant from the four planes. 
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SECTION IV. 

POLYHEDRA AND OTHER SoLIDS. 

Z>ef, 15. A finite portion of space bounded on all sides 
by planes is termed a polyhedron. The plane figures which 
bound it are termed its faces, the sides of those figures its 
edges, and the points where the edges meet its comers or the 
vertices of its solid angles. 

JDef, 16. When a polyhedron is such that no straight line 
drawn through it meets its bounding planes more than twice, 
it is said to be convex. 

In such a case the polyhedron lies entirely on one side of 
each of its faces. 

£>ef. 17. If the faces of a polyhedron are all equal regu- 
lar figures, and the same number of faces (or edges) meet in 
each corner, it is said to be a regular polyhedron. 

Theorem XXIII. 

The sum of the numbers of faces and corners of any convex 
polyhedron is greater by two than the number of its edges. 

For the polyhedron may be conceived to be built up by 
starting from one plane face, and adding the others one by 
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one so that one, two, or more consecutive sides of each new 
face coincide with edges of the unfinished solid figure. 

Beginning then with one face, the number of edges and 
corners are equal, being the sides and angles of that face, 
so that F,C,E denoting the number of faces, corners, and 
edges respectively, 

F -^ C ^ E + I. - 

Now if a second face be added with one side coinciding 
with one of the existing edges, the number of edges added 
will be one less than the number of sides of the face, and the 
number of corners two less than this number, so that the 
addition to the number of faces and corners together is the 
same as that to the number of edges, and it still remains 
true that F ■{■ C ^ E ■{■ i. 

The same is true for each addition of a face with one side 
only coinciding with a previously existing edge. 

When a face is added with two or more consecutive sides 
coinciding with existing edges, it is easily seen in like man- 
ner that the number of edges added is one more than the 
number of corners added, so that the relation F + C — 
E + I still holds. 

Hence this relation holds till the addition of the last face 
to complete the polyhedron, when no new edges or corners 
are added, but one new face ; therefore, finally, 

F + C = E + 2, 

Q. E. D. 

Cor. Since in this formula F, C are interchangeable, E 
remaining the same, it suggests that, for every polyhedron, 
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there is another which with the same number of edges has 
as many faces as the first has corners and as many comers 
as the first has faces. 

This may readily be seen to be true, since, if points be 
taken in a plane opposite each corner, one point in each of 
the faces that meet in that comer, the plane faces formed 
by joining these points will include another polyhedron in- 
scribed in the former with a face for every corner and a 
comer for every face, the number of edges being the same 
in both. Such polyhedra have been termed conjugate to one 
another. 

Note. — The preceding Theorem has been usually ascribed 
to Euler ; but it has recently been shown by M. de Jonqui6res, 
in communications to the French Academy of Sciences (February 
17 and March 31, 1890), that it was known to Descartes, and 
employed by him in a posthumously published work entitled 
De Soh'dorum Elementis. The demonstration above is 
due to De Morgan, though substantially the same proof, 
" under mathematical symbols which rather conceal its 
simplicity," was given by Cauchy. It was extended by 
Cauchy to the more general case of a convex polyhedron 
divided into cells, each of which is a convex polyhedron ; in 
which case, if all the faces, comers, and edges of all the poly- 
hedra are counted, and P denote the number of cells, he shows 
that F + C = E -{• P -{• I. This extension, as well as Euler's 
Theorem, may (as suggested by Listing), by regarding the 
whole of space as divided into regions, one for each cell and 
one for the whole external infinite space, be thus expressed : 
The sum of the numbers of faces and corners is equal to that 
of the edges and regions. Reckoning corners as points, and so 
of o dimensions, edges of i dimension, faces of 2 dimensions, 
and regions of 3 dimensions, it may be said of any division of 
space into convex polyhedra and surrounding infinite space, 
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that the number of elements of even dimensions is equal to that 
of the elements of odd dimensions. Lhuilier obtained a cor- 
responding formula for non-convex polyhedra, and other divi- 
sions of space, but the general problem has been most exhaust- 
ively treated by J. B. Listing in his classical memoir entitled 
^^ Der Census rdumlicher Complexes* Abhandlungen der k, 
Gesellschaft zu Gbttingen, voL x., 1862. 



Exercises. 

1. No polyhedron can have less than six edges. 

2. If the faces of a polyhedron are all triangular, the 
number of faces is even and four less than twice the number 
of comers. 

3. If the angles of a polyhedron are all trihedral, the 
number of comers is even and four less than twice the 
number of faces. 

4. If each' face has m sides, and n edges meet in each 
corner, 

7^ C ^ -^ ^ 2 

2n 2m mn 2(m H- «) — ftm 

Hence show that the only possible values of m or n are 3, 
4, or 5, and that there are only five cases of polyhedra whose 
faces have all the same number of sides and whose angles 
are contained all by the same number of planes. 

5. Prove that, if J^^,J^^ ... denote the numbers of faces 
having 3,4,... sides, and C^ C^ ... the numbers of comers 
where 3, 4, . . . faces meet, so that 
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F= F^ + F^ + /?;+ ...,andC= Cg + C^ + Q + ..., 
then 2/?* = 4 + C3 + 2(74 + 3C5 + ..., 
and 2C = 4 + -F3 + 2/; + 3/^5 + ... : 
and hence the number of faces with an odd number of sides 
must be even, and the number of corners where an odd 
number of faces meet also even. 

6. From the fact that 2E cannot be less than 3/^ or than 
3C, prove that every polyhedron must have some faces> 
which are either triangular, quadrilateral, or pentagonal, and 
some corners which are either trihedral, tetrahedral, or 
pentahedral. 

7. The conjugate of a tetrahedron is a tetrahedron. 

8. The conjugate of a parallelepiped is an octahedron. 



Regular Polyhedra. 



Theorem XXIV. 



There cannot be more than five regular convex polyhedra. 

Since there must be at least three faces meeting in each 
comer, and the sum of the plane angles at each corner is less 
than four right angles (Th. XIX.), the angles of the regular 
polygons, forming the faces of a regular polyhedron, must be 
less than | of a right angle. This condition excludes all 
regular polygons, except pentagons, squares, and equilateral 
triangles. 
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The angle of a regular pentagon is f of a right angle, 
and therefore three such angles are less, and four greater, 
than four right angles : hence there can be only one regular 
polyhedron, whose faces are pentagonal, and in this the 
angles are trihedral. 

The angle of a square is a right angle, and therefore in 
like manner there can be only one regular polyhedron whose 
faces are square, and in this the angles are trihedral. 

The angle of an equilateral triangle is f of a right angle, 
and therefore six of these angles make up four right angles : 
hence there cannot be more than five faces meeting in each 
corner, but there may be either five, four, or three : so that 
the angles of a regular polyhedron whose faces are equilateral 
triangles, may be either trihedral, tetrahedral, or penta- 
hedral. 

Thus there may be three regular polyhedra, whose faces 
are equilateral triangles, one whose faces are squares, and 
one whose faces are regular pentagons, and there can be no 
other. 

Q. K. D. 



Theorem XXV. 

There are five regular convex polyhedra, 

I. Let the vertices of three equilateral triangles be 
brought together so that their planes include a solid angle, 
then their bases form another equilateral triangle, which 
with the other there are the faces of a polyhedron, whose 
angles are trihedral and equal. 
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This is the regular tetrahedron. 

It has four faces, four corners, and six edges. 




2. Let three equal lines AOA\ BOB\ COC be at right 
angles, each to the other two, and each bisected at their 
point of intersection O ; 

then, if planes normal to -4(9-^4' be taken through A, A', and 
similarly planes normal to BOB', COO through B, B' and 
C, P respectively, 




these three pairs of parallel planes include the well-known 
solid figure, the cude or regular hexahedron^ whose faces are 
squares and angles trihedral. It has obviously six faces, 
eight corners, and twelve edges. 
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If the equilateral triangle ABC be taken, and the like 
triangles ABO, AB'Q &c., in the other seven regions into 
which the three rectangular planes BOC, COA, A OB divide 
space, these eight triangles will include a polyhedron, having 
eight triangular faces, six tetrahedral angles, and twelve edges, 
which would be inscribed in, and conjugate to, the cube de- 
scribed above. This is the regular octahedron. 

3. On each side of a regular pentagon let another regular 
pentagon be described, and let these last be turned about 
the sides of the first until they meet, then the six pentagons 
will form an open basket or tray with five completed tri- 
hedral angles, five corners with two faces meeting in each, 
and five corners with a single face : then an exactly similar 
and equal basket may be placed on the former so that each 
single-faced corner in the one fits into a double-faced comer 
of the other, and a polyhedron is completed having twelve 
pentagonal faces, twenty trihedral angles, and thirty edges. 
This is the regular dodecahedron. 
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If the centres of the three faces which include one of the 
trihedral angles 5e joined, an equilateral triangle will be 
formed, and the twenty equilateral triangles thus constructed 
opposite each of the twenty corners will include a polyhedron 
conjugate to the dodecahedron, with twenty triangular faces, 
twelve pentahedral angles, and thirty edges. This is the 
regular icosahedron. 




Exercises. 



I. The student should construct the ^s^ regular solids by 
drawing the requisite regular figures on cardboard, each 
connected with its neighbour by a single edge which should 
be half cut through ; then the whole plane figure thus 



-^ 1 
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drawn being cut out, the faces folded over about the con- 
necting edges will meet and form the se^ral regular poly- 
hedra. 

2. The dihedral angles of a regular tetrahedron and octa- 
hedron are supplementary. 

3. The dihedral angle of a regular tetrahedron is double 
of the lesser acute angle of the triangle whose sides are 
r, \/2, v/3> and that of a regular octahedron double of 
the greater acute angle of the same. 

4. Space can be entirely filled up by cubes packed to- 
gether, but by no other regular polyhedra. 

5. The sections of a regular tetrahedron by planes par- 
allel to a pair of opposite edges are rectangles of the same 
perimeter, and the greatest of such rectangles is a square 
whose side is half that of one of its edges. 

6. A plane is drawn normal to one of the diagonals of a 
cube through a point in it; examine the nature of its 
sections with the surface of the cube for different positions 
of the point. For what section is the area, and the perimeter, 
a maximum ? 

7. Planes parallel to the several faces of a regular tetra- 
hedron advance at the same rate, starting from its vertices : 
trace the nature of the polyhedra into which the tetrahedron 
is divided at different stages of the advance. 

Polyhedra, not regular, and other Solids, 

It is not the object of the present treatise to develop in 
detail the properties of particular solid figures; but the 
definitions of the more important classes of such figures, and 
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a summary of their more fundamental and characteristic 
properties, will here be given, as likely to be useful to the 
student. The proofs of these properties will not in general 
be found difficult by any one who has mastered the previous 
sections and the standard propositions of plane geometry. 

Def. K parallelepiped is a solid figure enclosed by three 
pairs of parallel planes. 

It has obviously six faces, eight corners, and twelve edges, 
and its angles are trihedral. 

The following properties being easily proved, may be left 
as exercises for the student : 

1. The opposite faces of a parallelepiped are identically 
equal parallelograms. 

2. The three diagonals joining opposite comers meet in a 
point and are all bisected in that point. 

3. The dihedral angles between faces which intersect in 
parallel edges are equal or supplementary, according as the 
edges are opposite or in the same face. 

4. In general, no two trihedral angles can be made to 
coincide by superposition, although opposite angles have the 
angles in the bounding planes equal and the dihedral angles 
between them also equal. What exceptional cases are 
there ? 

5. Examine the sections made by a plane parallel to that 
through the extremities of three edges, which meet in one 
of the corners,, and determine the greatest of such sections. 

Prism. Def, If two identically equal polygons have 
their corresponding sides parallel, these with the planes 
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through the corresponding sides include a solid figure termed 
a prism. It is plain that the faces through the parallel sides 
are parallelograms, and the edges in which these faces meet 
are all parallel and equal. Any one of these edges may be 
called the length of the prism. 

According as the polygons are triangular, quadrilateral, 
&c., the prism is said to be triangular, quadrilateral, &a 

K parallelepided \^ obviously 2. parallelogrammic prism. 

If the parallel edges are normal to the planes of the 
polygon, the prism is said to be a right prism : otherwise, an 
oblique prism. 



If the polygon has n sides, the prism has « + 2 faces, 
2n corners, and 3« edges, and its solid angles are trihedral. 

It is easily proved that, 

1. Parallel plane sections, by planes not meeting the end 
faces, are identically equal plane polygons. 

2. Such sections are least in area when the planes are 
normal to the parallel edges. 

3. The sections by planes parallel to the length of the 
prism are parallelograms. 

Cylinder. If a line move parallel to a fixed line always 
passing through a given curve, it describes a cylindrical 
surface, and the solid included between two parallel plane 
sections (not parallel to the fixed line) and the surface is 
termed a cylinder. 

If the guiding curve is a circle, it is called a circular 
cylinder : and if the generating line is normal to the plane 
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of the circle, it is said to be a rights otherwise an oblique, 
circular cylinder. 

A cylinder may be regarded as the limiting case of a 
prism, when the number of sides of the base is increased 
without limit, its perimeter remaining finite. 

The properties enunciated above for a prism are true also 
for a cylinder, mutatis mutandis. 

Pyramid. Def. A pyramid is the sohd figure included 
between a solid angle and a plane which intersects all its 
bounding planes ; and the polygon contained by the lines of 
intersection is termed its base. 

It is evident that all the faces except the base are tri- 
angular. 

If the solid angle is trihedral, the base is triangular ; if 
tetrahedral, the base is quadrilateral ; and so on. 

A prism may be regarded as the limiting case of a pyramid 
when the vertex is removed to infinite distance from the 
base. 

A pyramid on a triangular base is a tetrahedron. 

If the base have n sides and therefore the vertical angle 
is «-hedral, the pyramid has « + 1 faces, « + 1 corners, 
and 2n edges, and the other solid angles are trihedral. 

The following general properties of a pyramid are easily 
proved : 

1. The sections of a pyramid by parallel planes are 
similar polygons, having their corresponding sides in the 
same plane through the vertex and in the same ratio as the 
distances of the planes from the vertex measured along any 
one of the edges. 
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2. U AfB, C,D .. and a^b,c,d .,, be the points where 
two intersecting planes meet the edges through the vertex, 
then AB and ab, EC -and bc^ &c., meet respectively in 
points which lie on the line of intersection of the planes. 

3. \{ ABCD,.. dLVidabcd,., are two plane polygons, so 
situated that AB and cUf^ BC and bc^ &c., meet in the same 
straight line, the lines, Aay Bby Cr ... all meet in a point, the 
vertex of a pyramid of which the polygons are plane 
sections. 

Cone. Def, If a line passing through a fixed point 
moves so as to always pass through a given curve, it describes 
a conical surface, and the solid included between this surface 
and a plane not passing through the fixed point (or vertex) 
is termed a cone. The plane boundary of the cone is termed 
its base, 

A cone on a circular base is said to be right or oblique^ 
according as the line joining the vertex to the centre of the 
base (termed the cixis) is normal or oblique to the plane of 
the base. 

A cone may be regarded as the limiting case of a pyramid, 
when the number of sides of the base is increased without 
limit, the perimeter remaining finite. Also a cylinder as the 
limiting case of a cone when the vertex is moved to infinity. 

The properties enunciated above for the pyramid are true, 
mutatis mutandis^ for the cone. 

The properties of the plane sections of the circular cone 
and cylinder form a large branch of geometry, treated under 
the head of Conic Sections. 



Sect. IV.] SPHERE. 73 

Sphere. Def, The surface-locus of a point, whose 
distance from a fixed point is equal to a given distance, is a 
spherical surface^ and the solid of which it is the bounding 
surface a sphere. The fixed point is the centre^ any line 
from the centre to the surface a radius^ and any line through 
the centre terminated both ways by the surface a diameter. 

It follows from the definition that, 

1. Two spheres which have the same centre and equal 
radii coincide completely, and however one of them is 
moved about the centre fixed, it continues to coincide with 
the other. 

2. The section of a sphere by any plane through its 
centre is a circle of the same radius as the sphere. Hence 
a sphere may be regarded as the solid generated by the 
revolution of a circle about one of its diameters. 

3. The section of a sphere by a plane not passing through 
its centre is a circle, whose radius is less than that of the 
sphere, and less as the distance of the plane from the centre 
is greater. (Cf. Ex. i. Sect. II.) 

Def. The circle, in which a plane through the centre cuts 
a sphere, is termed a great circle of the sphere, and the 
extremities of- the diameter normal to the plane the poles of 
the great circle. 

4. A great circle can be drawn through any two points on 
a spherical surface ; and only one, unless the points are the 
extremities of a diameter, in which case every great circle 
through the one passes through the other. 

5. The arc of a great circle from any point on a given 
great circle to either of its poles is a quadrant or fourth part 
of the circumference of a great circle. 
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6. A sphere is a perfectly symmetrical figure. (Cf. Ap- 
pendix, Sect. V.) 

It has point-syfnmetry or central-symmetry with respect to 
the centre, axial-symmetry with respect to every diameter, 
and plane-symmetry with respect to every plane through its 
centre. 

7. The tangent lines drawn at a given point on a spherical 
surface to all the great circles which pass through that point 
lie in a plane, which is called the tangent plane to the surface 
at the given point, and which is normal to the radius to the 
point. 

8. One, and only one sphere, can be drawn through four 
points not in the same plane. 

Tetrahedron. As among plane figures the triangle is 
the simplest as having the least possible number of sides, 
so among solid figures the tetrahedron is the simplest as 
having the least possible number of faces, and thus has 
many properties analogous to those of the triangle, the 
proofs of which are in many cases suggested by those of 
the analogous properties of the triangle. Among these the 
following are noteworthy : 

1. Any three of the faces of a tetrahedron are greater 
than the fourth. 

2. The six planes through each edge and the middle 
point of the opposite edge intersect in four lines, one through 
each corner : these lines are the lines joining the vertices 
with the mean points (or centroids) of the opposite faces, 
and they meet in one point (the mean point or centroid of 
the tetrahedron), which divides each of the lines in the ratio 
of 3 to I. 
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3. The three lines joining the middle points of opposite 
edges of a tetrahedron meet in its mean point, and are 
bisected in it. 

4. The six planes which bisect the dihedral angles of a 
tetrahedron intersect in four lines, one through each corner, 
and these meet in one point, the centre of the inscribed 
sphere. 

5. There are seven other spheres, which touch the four 
planes of the faces outside the tetrahedron. (Cf. Ex. 13, 
Sect. III.) 

6. If the sum of each pair of opposite edges is the same, 
a sphere may be described touching all the edges. 

7. The six planes normal to the several edges through 
their middle points meet in four lines normal respectively 
to the four faces through the centres of the circumscribing 
circles of the triangles : and these four lines meet in one 
point, the centre of the circumscribing sphere. 
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SECTION V. 

Volumes of Solids. Stereometry. 

Solid angles, or polyhedra, which have each face of the 
one identically equal to a corresponding face of the other 
and the dihedral angles between corresponding faces equal 
are not necessarily superposabky that is, capable of being 
placed so as to coincide completely. 

Thus, \i AOA\ BOB, COC, are three straight lines 
passing through (9, 




the angles B'OC\ CO A', A' OB' are respectively equal to 
BOG, COAy A OB, and the dihedral angles between the 
planes of the one set equal respectively to the corresponding 
angles between those of the other, but the solid angle 
0{A'B'C) is not superposable on 0(ABC), 
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For if OA^ be brought to coincide with OA, and 0£' with 
OB, OC and OC must lie on opposite sides of the plane 
A OB : and if OA be made to coincide with OB and OB^ 
with OA, though OC and OC will then lie on the same side 
of the plane A OB, they will not coincide, except in the case 
where the angles CO A, COB are equal. Yet for every point 
JP within the one angle, there is a corresponding point F', in 
PO produced so that OP — OF, which is related to the 
edges and planes of 0{A'B'O) in identically the same manner 
in which F is related to those of 0{ABC), and hence it 
seems natural to assume that these solid angles are equal. 
Similar remarks may be made with respect to the pyramids 
cut off from these solid angles by two parallel planes, but a 
fuller discussion of the whole matter is reserved for a later 
page. (See pp. 98 to 108.) 

The solid angles 0{ABC), 0(A'B'C) may be said to be 
opposed, and solid angles, which can be placed so as to 
be opposed, may be termed opposable. 

Generally, if two polyhedra are such that they can be 
placed so that, every corner of the one being joined with 
a corresponding corner of the other, the lines so joining 
them meet and are bisected all in the same point, the 
polyhedra, not being in general superposable, are said to be 
opposable ; and we shall make the following postulate : 

Post ^ Opposable solid angles, or polyhedra, are equal, 

^ Euclid tacitly assumes this in the definition (XI. Def. 10) ** Equal and 
similar solid figures are such as are contained by similar plane faces equal 
in number and magnitude," which he directly applies in XI. 28 (see Th. 
XXIX.). Modem editors, following Simson, have introduced Propositions 
B. , C. proved for superposable figures (at least that is what, I suppose, 
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Def. The normal distance between any face of a 
parallelepiped, taken as its base, and the faM parallel to it 
is tenned its height. 

Def. A rectangular parallelepiped, that is, one whose 
faces are rectangles and therefore all its angles and dihedral 
angles right angles, is termed a cuboid^ 



Theorem XXVI. 



Cuboids and right prisms on the same base are to om 
another as tJuir fteights. 
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Let OA, OB be coincident edges of two cuboids on the 
same base, then the volumes of the cuboids are in the ratio 
of OA to OB. 

they must be understood to mean by adding to "similar" the words 
"alike situated"); and then in XI. z8 ainend(!} Euclid by applying 
Prop. C. to a non-supetposable case. 

' The need of some short word in the place of the polysyllabic 
"rectangular parallelepiped" has been long felt. Ihave coined the word 
" cuboid " in the hope that it ma/ obtain currency among mathema- 
ticians. De Morgan's term " tight solid " has ttot, 1 think, obtained 
currency. 
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Let OA and the edges parallel to OA be indefinitely 
produced, 

and in OA thus produced let A' be taken so that OA' = 
m . OA^ where m is any whole number, 

then two points in the same line -^, B" can be found such 
that, while OB'^n . (9^ and OB'' = n+i ,0B, (9^ is less, 
and OB' greater, than OA^ or else OB = 0A\ 

But the volume of the cuboid on OA is m times that of 
the cuboid on OA^ 

since cuboids on the same base and of equal heights are 
superposable and therefore equal :- 

and so also the volumes of the cuboids on OB^ OB' are 
respectively n and « + i times that of the cuboid on OB, 

Also it is evident that the cuboid on OB is less, and that 
on OB'' greater, than the cuboid on 0A\ or else the cuboid 
on OB' is equal to that on 0A\ 

therefore, by the definition of equal ratios, 

the cuboid on OA is to that on OB as OA to OB, 

It is plain, that since the above reasoning is independent 
of the form of the base, the same conclusion is true for any 
other right prisms. Q. e. d. 
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Theorem XXVII. 

The volumes of cuboids have to one another the ratio 
compounded of the ratios of the three edges of any one of their 
solid afigies. 




Let two cuboids OG, OL be placed so that two of their 
solid angles coincide at (7, and that the edges OA^ OB, OC 
of the one coincide in direction with the edges Oa, Ob, Oc of 
the other respectively, then the volume of OG is to that of 
OZ in the ratio compounded of the ratios, OA to Oa, 
OB to Ob, OC to Oc, 

Let the plane through a parallel to OBC cut the edge 
through G parallel to OA in If, 

then, OG, OH being cuboids on the same base and OA^ 
oa their heights, 

vol. of OG : vol. ofOH'.iOA: Oa. (Th. XXVI.) 
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Next let the plane through *b parallel to OAC cut the 
edge through ZT parallel to OB in K^ 

then for a like reason 

vol. of OH : vol. oiOK.'.OBi Ob. 

Lastly, let the plane through c parallel to OAB cut the 
edge through ^parallel to OC in Z, 

then vol. of OK : vol. oiOL..OC\ Oc. 
Hence, compounding these three proportions, 

vol. of OG: vol. of OZ = the ratio compounded of the ratios 
OA : Oa, OB : ob, OC : Oc. q. e. d. 

Cor. I. If the edges OC, Oc of the cuboids are equal, 
the cuboids are to one another in the ratio compounded of the 
ratios of their other edges, OA to Oa and OB to Ob, and 
therefore in the ratio of their bases CB to Cb. Hence, 
cuboids of the same height are to one another as their 
bases. 

Cor. 2. If the cuboid OL is a cube, each of whose 
edges is the unit of length (denoted ^ by L), which is usually 
taken as the unit of volume and termed a cubic unit 
(denoted by LLL or L^), and a, b, c denote respectively the 
ratios of OA, OB, OC to the unit of length L^ the volume 
of the cuboid OG = abc LLL. 

^ It is highly desirable that this expressive notation for units founded 
on the unit of length should be universally adapted, and that the student 
from his first introduction to the measurement of areas and volumes, 
writing F for a foot, should write FF or F^ for a square foot and FFF 
or F ^ for a cubic foot. It adapts itself readily to cuboidal units, not 
cubes, thus I denoting an inch, Fl denotes an area a foot long and an 
inch broad, and Fll a cuboid with its base a square inch and height a 
foot With this notation the rule of "duodecimals " explains itself. 
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If the rectangle AB be the base, its area = ^ LL, there- 
fore, writing A for the product ah^ the volume of the cuboid 
= Ac LLL. 

These results are usually expressed thus : 

The volume of a cuboid (in cubic units) = the product of 
the lengths (in linear units) of three conterminous edges 
and also = the product of its base (in square units) and its 
height (in linear units). 

Cor. 3. The like theorem is true for equiangular parallel- 
epipeds, that is, such as have the angles of the faces in the 
one equal respectively to those in the other, and therefore 
the dihedral and solid angles also equal. 



Theorem XXVIII. 

The volume of a parallelepiped is equal to that of a cuboid 
whose base and height are equal respectively to those of the 
parallelepiped. 
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Let Aa be any parallelepiped and ABCD its base. 

Let the edges parallel to AB be indefinitely produced, 
and, A being any point in AB^ take AB^ equal to AB in 
the same line ; 

through A\B' draw two planes normal to ABA'B\ 

then, these with the planes of Aa through the edges that 
have been produced will include a right parallelepiped A'a' . 

Now if the solid included between the planes Acb^ A'db' 
is moved so that its comers move along AB and the edges 
parallel to AB until the plane AcbD coincides with BdaC^ 
the plane A'c'b'jy will finally coincide with B^d!a!C\ since 
AB^AB, 

therefore the solid between AcbD and Adb'D^ is equal to 
that between BdaC and B'dlalCy 

and, taking from these the part common to both, 

there remains the parallelepiped Aa equal to the right 
parallelepiped Aa\ 

Next through AB\ CD' take two planes normal to AD' 
or B'C, 

then there will be a cuboid A a" with the base AB'CD', 
and the height Ac", 

and since the solid wedge between the planes D'a^ and D'a' 
may be moved and brought to coincide with that between 
AtT and AtP, 

the parallelepiped A a' is equal to the cuboid Aaf', 

Hence the parallelepiped Aa is equal to the cuboid Aa"^ 
and the base AB'CD' of the cuboid being equal to ABCD^ 
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(since A'B is equal to AB and they are between the same 
parallels,) 

and AY^ the height of the cuboid, being also the height of 
the parallelepiped, the parallelepiped Aa is equal to a cuboid, 
whose base and height are respectively equal to the base 
and height of the parallelepiped. q. e. d. 

Cor. I. Parallelepipeds on equal bases and of equal 
heights are equal in volume. 

For they are equal to the same cuboid. 

CoR. 2. If the base of a parallelepiped = ^LL, and 
its height ^L, its volume -= ^>^LLL. (Th. XXVII. Cor. 2.) 

Or, the volume of a parallelepiped (in cubic units) is the 
product of its base (in square units) and its height (in linear 
units.) 

Theorem XXIX. 

A parallelepiped is bisected by the plane through any two 
parallel diagonals of opposite faces. 
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Let BDy bd be two parallel diagonals of the opposite faces 
A C, ac of the parallelepiped Aa^ 

then the plane BDbd will divide it into two equal prisms. 

The triangular prisms Abd and aBD are equal, edge for 
edge, face for face, and dihedral angle for dihedral angle, 

but they are not superposable, if Ac is oblique to the plane 
ABC. 

They are however opposable, 

for the prism aBD may be so placed that a coincides with 
Ay and aC^ ad^ ah are respectively in the prolongations of the 
lines CA, DA, BA, 

therefore, by the postulate that opposable solids are equal, 
the prisms are equal. 

Q. E. D. 

Alternative Proof (not involving the postulate of 
" opposable " figures). 

Let the sections of the parallelepiped by planes through 
A and c normal to Ac be AB'C'D\ cd'a'b\ 

then the solid figure between the parallelogrammic faces 
ca^ ca' could evidently be placed so that the face ca should 
coincide with AC and ca^ with AC, 

therefore the oblique parallelepiped Aa is equal to the right 
parallelepiped Aa\ 

and the prisms Abd, aBD respectively equal to the prisms 
Ab'^, a'BD : 

but the prism a'B'D^ is superposable on Ab'd 'by making a'C 
coincide with CA and turning the prism about CA until 
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a!d^ coincides with cb\ as it can, since they are in the plane 
through c normal to CAy 

therefore the prism a'B'D' is equal to Ab'd'^ 

and therefore the prism Abd is equal to aBD, q. e. d. 



Theorem XXX. 

The volume of a prism is that of a cuboid on an equal base 
and of equal height. 

Every triangular prism is half of a parallelepiped of the 
same height, whose base is the parallelogram contained by 
two of the edges of the base of the prism, and is therefore 
double of that base, as is obvious from the figure of the last 
theorem : therefore its volume is half that of a cuboid of 
the same height, whose base is double of the base of the 
prism, (Th. XXVIII.) 

and therefore equal to that of a cuboid of the same height, 
whose base is equal to the base of the prism. 

If the base of the prism is polygonal, the opposite poly- 
gonal faces may be divided similarly into triangles, and the 
planes through each pair of corresponding sides will divide 
the prism into triangular prisms, each of which is equal to a 
cuboid of the same height on an equal base, and, since the 
sum of such cuboids can be made into a single cuboid whose 
base is the sum of their bases and therefore equal to the 
polygonal base of the prism, 

the volume of the prism is that of a cuboid on an equal base 
and of the same height. q. e. d. 
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Cor. I. Prisms on equal bases and of equal heights 
are equal in volume. 

Cor. 2. If the base of a prism = ^LL and its height 
= ^L, the volume of the prism = ^^LLL : 

or the volume of a prism (in cubic units) is the product 
of its base (in square units) and its height (in linear units). 

CoR. 3. If planes be taken through any number of 
generating lines of a cylinder in successive order, they will 
with the end planes form an inscribed prism, of which the 
cylinder itself is the limit, when the number of sides is 
increased without limit, while the curved bases of the 
cylinder are the limits of the polygonal bases of tlie prism. 
Hence we infer that, 

The volume of a cylinder (in cubic units) is the product of 
its base (in square units) and its height (in linear units). 

Ex, Show that the volume of an oblique prism is equal 
to that of a right prism with the same length of edge, and 
whose base is the projection of its base on a plane normal to 
the edge : and hence if from any point A the normal AB 
be drawn to the plane of a polygon, and AC normal to 
another plane and meeting the plane of the polygon in C, 

the area of the polygon : the area of its projection on the 
other plane w AC \ AB. 
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Theorem XXXI. 

Triangular pyramids on equal bases and of equal heights \ 
are equal in volume. 




Let OABC be a triangular pyramid, and let the edge OA 
be divided into any number of equal parts in the points 
A^y A^y A^, ... and let plane sections parallel to the base 
^^Cbe taken through each of these points, A^B^Ci, A^B^C^^ 
&c. : through each of the bases of the sections in the plane 
OBC^ B^C^^ B^C^, ... let planes parallel to OA be taken 
and extending each to the plane next in succession below it. 

Then the solid figure between each consecutive pair of 
plane sections is made up of a prism and a wedge, 

and it is plain that the bases of all the wedges, parallel to 
ABC^ if brought down to the plane ABC, each comer along 
a line parallel to OA, would (with the base of the topmost 
pyramid) just fill up the base ABC, while the edges parallel 
to the bases would lie in the plane A^B^Cj, 
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so that the sum of all the wedges would be less than the 
solid between the base ABC and the first plane section 

hence the pyramid is greater than the sum of the prisms by 
less than the frustrum between the base and the first plane 
section. 

But by dividing OA into a sufficiently large number of 
parts, each part may be made as small as we please, and 
therefore the height of this lowest frustrum and the frustrum 
itself as small as we please, so that the pyramid may be* 
made to differ from the sum of the prisms by as small a 
quantity as we please : hence the pyramid is the limit of the 
sum of the prisms, when their number is increased, and 
consequently the height of each diminished, without limit. 

Now let a second pyramid on an equal base and of equal 
height be divided similarly to the former by planes parallel 
to its base ; then in the first p)n-amid any section, as A^B^C^^ 
being similar to the base ABQ the area of the section 
A^B^C^ : that of the base in the duplicate ratio oi A^B^ to 
AB and therefore of OA^ to OA ; 

.0' 
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SO also in the second pyramid, if OA^ be an edge similarly 
divided in A\, A\, ... so that 0A\ : OA^ : : OA^ : OA, &c., 
the area of the section A\B\C^ is to that of the base in 
the duplicate ratio of 0A\ to OA' and therefore of OA^ to 
OA: 

hence, the bases being equal, the corresponding sections are 
equal. 

Therefore in the two pyramids there are the same 
number of prisms, each in the one having its base and 
height equal to those of the corresponding prism in the 
other, so that the sum of the prisms in the one is equal to 
that of the prisms in the other. 

Hence, when the number of prisms is increased without 
limit, the limit of their sum in the one is equal to that of 
their sum in the other, and therefore the one pyramid is 
equal to the other. Q. e. d. 

Cor. If the base of a pyramid is a polygon, it may be 
divided into triangles to which equal triangles may be 
constructed so as together to make a single triangle equal 
in area to the polygon ; then, the original pyramid being 
divided into triangular pyramids by planes through the 
vertex and the sides of the triangles, these pyramids are 
separately equal to pyramids of the same height on the 
triangles which make up the single triangle, and therefore 
the sums of these pyramids are equal, so that the pyramid 
on a polygonal base is equal to a pyramid on an equal 
triangular base of the same height. Hence the proposition 
may be extended to any pyramids on equal bases of equal 
height. 
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Theorem XXXII. 

TTie volume of a triangular pyramid is one-third of that 
of a prism on the same base and of the same height. 



Let Abe be a triangular prism and aABC a triangular 
pyramid on the same base ABC and of the same height, 
then the pyramid is one-third of the prism. 

Join Be, 

Then the planes a^Cand Bac divide the prism into three 
pyramids aABC^ Babc^ BacC: 

but aABC and Babe are equal, for they are on equal bases 
ABC and abe and of the same height, (Th. XXXI.) 

also aABC and BaeC are equal, for they are on equal bases 
ACa and Cea and of the same height, (Th. XXXI.) 

therefore the three pyramids are all equal, and each is one- 
third of the prism. Q. e. d. 

Cor. I. The same theorem is true for a pyramid on a 
polygonal base. For if the base is divided into triangles by 
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lines drawn from a point within it, the planes through the 
vertex and these lines will divide the pyramid and prism into 
the same number of triangular pyramids and prisms, and the 
theorem, being true for each triangular pyramid and prism on 
the same base, is true for the pyramid and the prism, which 
are the sums of each. 

Cor. 2. If the base of the pyramid = -4LL, and its 
height = ^L, its volume = \Ah\JJ~ : 

or, the volume of a pyramid (in cubic units) is one-third of 
the product of its base (in square units) and its height (in 
linear units.) 

Cor. 3. Pyramids on equal bases are to one another as 
their heights, and pyramids of equal heights are to one 
another as their bases. 

Cor. 4. The volume of a tetrahedron (as BCca) is one- 
third of that of a prism, whose base is a triangle {slsjBCA) with 
two of its sides equal and parallel to two opposite edges 
(BC, CO) and height the perpendicular distance between those 
edges. 

Hence if the lengths of two opposite edges be a^ b\~ re- 
spectively, the perpendicular distance between them ^L, 
and the angle between them a, the volume of the tetra- 
hedron = \abh sin aLLL. 

Cor. 5. If a polygon be inscribed in the base of a cone, 
the pyramid contained between planes through its vertex 
and the sides of the polygon and the polygon as base will 
be a pyramid inscribed in the cone, and as the number of 
sides is increased without limit and their lengths corre- 
spondingly diminished without limit, the polygon ultimately 
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becomes the curve base of the cone and the inscribed 
pjn-amid the cone itself. Hence, 

The volume of a cone (in cubic units) is one-third of the 
product of the area of its base (in square units) and its 
height (in linear units.) 

JSx. I. The volume of a tetrahedron is two-thirds of that of 
a parallelepiped, whose base is equal to the section of the 
tetrahedron by a plane parallel to two opposite edges mid- 
way between them, and whose height is the distance between 
the same edges. 

£x, 2. If two lengths are measured on two fixed lines, the 
tetrahedron of which these two lengths are opposite edges 
is of constant volume in whatever parts of the lines the 
lengths are measured. 

Theorem XXXIII. 

A frustrum of a triangular pyramid may be divided into 
three pyramids y one of which is the mean proportional betiveen 
the other two. 

Let ABCabc be a frustrum of a pyramid between the 
two parallel planes ABC, abc; 

then the planes aBC, cBC divide it into the three pyramids 
a ABC, Babe, BacC, 

of which the last is the mean proportional between the 
other two. 

Join Ac meeting aCmn, and bC meeting Be in m. 
Then ABaC, cBaC being pyramids on the same base 
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BaC are in the ratio of their heights and therefore of An 
to nc and therefore of AC to ac : 

also CBaCf bBac being pyramids on the same base Bac are 
in the ratio of their heights, and therefore of Cm to mb and 
therefore of CB to ^ or of ACio ac\ 

hence the vol. of aABC: that of BaCc\ : that of BaCc : 
that of Babe ; 

or BaCc is the mean proportional between aABC and Babe. 

Q. E. D. 




CoR. If the bases ABCy abc respectively « Ay^ A^\^ 
and the height of the frustrum is ^U, 

the volumes of the pyramids aABC^ Babe contain, respec- 
tively, \A^h, \Ac^ LLL, 



and the volume of BaeC = \^A^A<^ . h LLL, 
therefore the volume of the frustrum = 

K^i + ^Ja^^ + A^h LLU 
Ex. I. From this theorem deduce Th, XXXII. 
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Ex. 2. The tetrahedra whose opposite edges are any 
pair of sides in the two basest which are not parallel, are 
a.11 equal. 

Ex, 3. In how many different ways can the frustrum 
be divided as in the Theorem ? 



Similar Solids. 

Through all the comers of any polyhedron, e.g. the tetra- 
hedron A BCD, let straight lines be drawn meeting in the 
same point O, and let a, b, c, d, be points in the lines through 
A^ B^ C, D respectively, 

such that Oa\OA\\ Ob\ OB w Oc \ OC ;, Od \ OD, 

then it easily follows (from Plane Geom, and Th. VI.) 
that the polyhedron abed has its edges and faces parallel 
each to a corresponding edge or face of A BCD, and 
consequently corresponding angles in corresponding faces 
equal, corresponding dihedral angles equal, and the ratios of 
corresponding edges all equal. This will be true, whether 
a, b, c, d lie on the same side of O as A, B, C, D or on the 
opposite side, but in the former case, if a were brought to A, 
the solid angle a{bcd) might be brought into coincidence 
with A{BCD), while in the latter a(bcd) could be opposed 
to, but not made coincident with A(BCD). 

In either case the polyhedron abed is said to be similar to 
ABCD, and the two cases may be distinguished as directly 
similar and oppositely similar. 

Hence we are led to the following definition : 



96 ELEMENTS OF SOLID GEOMETRY, [Sect. V. 

Def. Similar polyhedra are such as have each face of the 
one similar to a corresponding face of Ihe other, and similarly 
placed with respect to adjoining faces. 

From this definition the converse of what has been stated 
above follows, namely, that similar solids can be so placed 
with respect to each other that their corresponding edges 
and faces are all parallel, and then the lines joining the 
corresponding comers meet in one point, which is on the 
same side of corresponding faces if the polyhedra are 
directly similar, but between corresponding faces if they are 
oppositely similar. (Cf. Plane Geom, V. 6.) 



Theorem XXXIV. 

Similar polyhedra are to one another in the triplicate ratio of 
their homologous edges. 

Let the smaller of two polyhedra be placed within the other 
so that its edges and faces are parallel to the corresponding 
edges and faces of the other, then the lines joining corre- 
sponding corners will meet in a point within the polyhedra 
and the planes through this point and corresponding edges 
will divide the polyhedra into the same number of similar 
pyramids. 

Let O be the common vertex and ABCD, alfcd the bases 
of two of these pyramids, a^ by e, d being on OA, OB, OC, 
OD respectively; 

then A BCD, abed being similar plane figures their areas are 
in the duplicate ratio of their homologous sides AB, ab : 

also if the normal from O meet the plane A BCD in K and 
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\ 



tie plane abed in k^ OK^ Ok will be the heights of the two 
\ Jjyramids, and will be in the ratio of OA : Oa and therefore 
Of ^^ : ab. 





But the volumes of the two pyramids are in the ratio 
compounded of the ratios of their bases and their heights, 
and therefore in the ratio compounded of the duplicate 
ratio of AB : ab and of the simple ratio of AB : ab, that 
is, in the triplicate ratio of the homologous sides AB, ab. 

The same being true for each pair of pyramids, of which 
the polyhedra are composed, and the ratios of each pair of 
homologous sides being the same, the ratio of the sums of 
the pyramids, that is, of the volumes of the polyhedra is the 
triplicate ratio of their homologous edges. q. e. d. 

JEx, Three meat pies are made with the same paste, in 
similar dishes of diflferent sizes ; if the meat is duly propor- 
tioned to the crust in the middle-sized dish, the crust will 
be in excess in the smaller, and the meat in the larger pie. 

H 
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APPENDIX. 
On Symmetry in a Plane and in Space. 

Symmetry consists in an exact correspondence of points, 
lines, or surfaces on opposite sides of a definite point or centre, 
or of a definite line or axis, or of a definite plane. We 
proceed to examine these different kinds of symmetry in 
some detail, first for figures in a plane, and then for figures 
in space. 

Symmetry of Figures in One Plane. 

I. Central or Point Symmetry, 

If A, a are two points on a straight line passing through a 
point O at equal distances from O on opposite sides of it, 
they are said to be symmetrical with respect to O, If A 
moves along any line, a moves along a corresponding line, 
and the two lines are symmetrical with respect to O, which 
is termed their centre of symmetry. 




It is obvious that by turning Oa about O in the plane 
through two right angles, a will be brought into coincidence 



Sect. V.] APPENDIX, 99 

Wh A^ and thus two lines or figures, which have central 
symmetry, are superposable by rotation about the centre 
tuithout leaving the plane. 

In figures, which have central symmetry, corresponding 
straight lines are parallel but have opposite senses : the same 
figures can be so placed that the corresponding lines are 
parallel and have like senses, and then the lines joining 
corresponding points are all parallel. This is obvious from 
the relations of the triangles ABCy abc, a'b'c' in the figure. 

As examples, the following simple cases may be noted: 

Equal and parallel straight lines have central symmetry. 

A parallelogram is a figure symmetrical with respect to the 
intersection of its diagonals. 

A circle is symmetrical with respect to its centre. 

II. Axial or Line Symmetry, 

Two points Ay a are said to be symmetrical with respect 
to a given line, when the line A a joining them is at right 
angles to, and bisected by, the given line. \i A moves 
along any line, a moves along a corresponding line, and the 
two lines are symmetrical with respect to the given line, 
which is termed their axis of symmetry. Two lines or 
figures, which have axial symmetry, can be brought into 
coincidence by turning the half of the plane in which one 
of them lies about the axis of sjonmetry till it coincides with 
the other half, but not (in general) by moving them about 
in their plane. In figures, which have axial symmetry, 
corresponding straight lines (if produced) meet on the axis 
of symmetry and are equally inclined to it, and lines joining 
corresponding points are all parallel. If without leaving 

'ft. 1 



\nv^^ 



lOO 



ELEMENTS OF SOLID GEOMETRY, [Sect. V. 



the plane two corresponding lines are brought into coinci- 
dence, the figures are not coincident, but S)anmetrical, with 
respect to the coincident lines or with respect to the perpen- 
dicular through their middle point, according as they are 
superposed with the same or with opposite senses. 

A plane figure and its image by a plane mirror perpen- 
dicular to its plane are symmetrical with respect to the 
intersection of the mirror and the plane as the axis of 
symmetry ; hence of two figures having axial symmetry 
one may be called the geometrical image of the other. 




All the above statements will easily be seen to be taie 
from the figure, in which abc is the geometrical image of 
ABC and ABc\ ABc^' are the positions of abc, according 
as, without leaving the plane, ab or ba is made to coincide 
with AB. 

The following are cases of axial symmetry, with or with- 
out central symmetry : — 
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1. An isosceles triangle with respect to the bisector of 
its vertical angle. 

2. Rhombus — Symmetry with respect to either diagonal, 
also a centre of symmetry. 

3. Rectangle — Two axes of symmetry, also a centre. 

4. Square — Four axes of symmetry, also a centre. 

5. Equilateral Triangle — Three axes of symmetry, no 
centre. 

6. Regular Polygon of n sides^« axes of symmetry 
— also central symmetry, if n is even, but not if n is odd. 

7. Circle — symmetrical with respect to every diameter, 
and also with respect to the centre. 

8. A figure which is symmetrical with respect to every 
line through a given point is a circle. 

9. A figure symmetrical with respect to two axes at right 
angles to one another is symmetrical with respect to their 
point of intersection. 

Symmetry in Space. 

There are three kinds of symmetry in space, namely, 
S3rmmetry with respect to a pointy to a line^ and to di plane. 
The relations between these among themselves, and their 
analogy or contrast with the two kinds of symmetry in a 
plane may be advantageously studied in some detail. 

I. Central or Point Symmetry, 

This has already been considered, as regards solid angles, 
at the beginning of Section V., where it has been shown 
that opposite solid angles, which have symmetry with respect 
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to their common vertex (unlike opposite plane angles) are 
not in general superposable. 

Now consider a triangular pyramid OABC^ and the 
pyramid OA'B'O formed by producing the edges of the 
first through O, so that 0A\ 0B\ OO are respectively 
equal to OA, OB, OC. 




It is plain that these opposite pyramids have the faces of 
the one, each identically equal to a corresponding face of 
the other, the sides and planes of their bases ABC, A'B'C 
parallel, and their dihedral angles equal ; yet if, by turning 
about the normal through O to the plane ABA'B\ the face 
A' OB' is brought to coincide with A OB, the corners C, C 
being on opposite sides of the plane, the pyramids will not 
coincide ; while if by turning about the bisector of the angle 
A OB'y OB' is brought to lie upon OA, and OA' on OB, 
and C, C to be on the same side of the plane, the faces 
A' OB'y A OB will not coincide, except in the case where 
OA = OB, so that, except in very special cases, the 
pyramids are not superposable. 

The same will obviously be true of any two solid poly- 
hedra, which have symmetry with respect to O, since they 
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may be made up of the sums and differences of pyramids 
with their vertices at O, 



11. Axial or Lme Symmetry, 

If the plane sections of a solid figure or figures by planes 
normal to a given axis have central symmetry, each with 
respect to the point where its plane meets the axis, the 
figure or figures are symmetrical with respect to the axis. 
It is obvious, just as in the case of central symmetry in a 
plane, that solid figures which have axial symmetry are 
superposable. 

As instances may be mentioned : — 

1. A cuboid with respect to an axis parallel to any of 
its edges through the intersection of its diagonals. 

2. A right prism or pyramid on a regular polygonal 
base of an even number of sides, with respect to the normal 
to the base through its centre. 

3. A right cone or cylinder with respect to its axis. 

4. Any surface of revolution with respect to its axis. 

5. A sphere with respect to any diameter. 

6. A regular tetrahedron with respect to the line joining 
the middle point of two opposite edges. 

IT I. Symmetry with respect to a Plane. 

Two points on a normal to a plane at equal distances 
from it on opposite sides are said to be symmetrical with 
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respect to the plane, and if every point in each of two figures 
is thus symmetrical with respect to a corresponding point in 
the other, the figures are said to be symmetrical with respect 
to the plane. This is the familiar case of an object and its 
image in a plane mirror, so that of two such figures each 
may be said to be the geometrical image of the other. It 
is obvious that a solid figure and its geometrical image are 
not superposable^ the one on the other, although all cone- 
sponding lines and angles are equal. Also that correspond- 
ing planes and lines are equally inclined to the plane of 
symmetry, meeting in that plane in the same line or point 
Such figures are however opposable. In other words — 

Solid figures, which are symmetrical with respect to a plant 
(or each of which is the geometrical image of the other) can 
be so placed as to be symmetrical with respect to a pointy 
and vice versd. 
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For let A, A' be two corresponding points in the two solids, 
and let M be the common projection of A, A' on the plane 
of symmetry and therefore the middle point of A, A', and 
let the solid, of which A' is one point, be turned through 
half a revolution about the normal to the plane of symmetry 
at O, any point in that plane ; then, by the rotation supposed, 
J/" would be brought to m in MO produced, so that Om = 
OAf, and A' to a' in the normal to the plane through w, so 
that ma', MA' are equal and in the same sense, and Aa' will 
pass through, and be bisected, in O. Hence all correspond- 
ing points in the first solid and the second in its new position 
will pass through, and be bisected in O, that is, the two figures 
will now have centra! symmetry with respect to O. 

In the annexed figure A'B'CD' represents a tetrahedron 
which is symmetrical with ABCD with respect to a plane 
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through O normal to AA\ and abed is one S3rmmetrical with 
A BCD with respect to the point O : neither A'B'C'D' nor 
abed can be superposed on the tetrahedron ABCJD^ but 
either can be superposed on the other by half a revolution 
about the normal ZOZ to the plane of symmetry of ABCD^ 
AB'CD\ In other words— 

ABCD^ A'B'C'D' have symmetry with respect to a plane. 
ABCD\ abed „ „ „ an axis {ZOZ) 

abed, A BCD „ „ „ a point O, 

A familiar example of the symmetry of non-superposable 
figures is afforded by a pair of outstretched hands. They 
can be so placed, palm opposite to palm, that each is the 
image of the other : and then by turning one of them round 
through half a revolution, keeping the palms opposite, the 
lines joining the tips of corresponding figures meet and 
bisect one another in the same point, so that they then have 
central symmetry. They are not, however, superposable ; 
the right-hand glove will not fit the left-hand, unless it is 
turned inside out. 

From the foregoing discussion it appears that the dis- 
tinction between superposable and opposable figures, which 
for solid figures is a fundamental one, does not hold good 
for figures in one plane, since, if they aie opposable, they 
are also superposable without leaving the plane; but that 
of figure and geometrical image holds, since these are not 
superposable except by moving one out of the plane and 
turning it over. This suggests that, if we could conceive a 
solid figure moved out of three-dimensional into four-dimen- 
sional space, some analogous process of turning over or 
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inside out might render opposable solid figures superposable. 
Be this as it may, it seems desirable in three-dimensional 
geometry explicitly to assume^ as we have done in our 
postulate, the equality of volume of opposable solids as well 
as of superposable. Otherwise the proof of the equality of 
volume of opposable solids or solid angles depends on our 
devising some method of dividing them into parts and rear- 
ranging the parts so as to make them superposable, as in the 
alternative proof of Th. XXIX., and this can only be done, 
except in special cases, by subdivision into infinitely small 
parts. It is true that this infinite subdivision is necessary for 
the proof of Th. XXXI., but in cases which do not depend 
on this theorem the directness of proof obtainable by the 
assumption of the postulate as opposed to the artificial 
treatment otherwise necessary seems a sufficient reason 
for admitting it among the recognised Postulates of 
Geometry. 

A fuller development of the subject of Symmetry is to be 
found in treatises on Crystallography. 

As additional instances of symmetry of the various kinds 
discussed above examine the following : — 

1. A parallelepiped has a centre of symmetry, and any 
plane through its centre of symmetry divides it into equal 
parts, which may be so placed as each to be the image of 
the other. 

2. A sphere has central symmetry, symmetry with respect 
to every line through the centre, and also with respect to 
every plane through the centre. 

3. A regular tetrahedron has planes and axes of 
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symmetry, but no centre of symmetry. How many planes ? 
and how many axes ? 

4. A cube and a regular octahedron have both centre, 
axes, and planes of symmetry. How many of each ? 
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SECTION VI. 

Spherical Surface Geometry. 

The present section will be devoted to the discussion of 
the simpler and more elementary properties and relations of 
lines and figures on a spherical surface. The study of the 
angular relations of lines and planes in space is greatly 
facilitated by measuring the angles, plane, dihedral, or solid, 
by means of arcs, angles, or areas on the surface of a 
sphere. The full development of these relations is the 
object of Spherical Trigonometry : here only a few of the 
more general relations which lie at the basis of Spherical 
Trigonometry will be established, not so much as pre- 
liminary to the study of that subject as with a view to a 
comparison with the corresponding propositions in Plane 
Geometry — a comparison which will be found, both by the 
resemblances and contrasts which it presents, to throw 
instructive light on the essential nature and peculiarities of 
Plane as distinguished from Surface Geometry generally. 

For this purpose it will not be necessary to give the 
various propositions and proofs with all the formality of the 
previous sections, and so, for the sake of conciseness, only 
such outlines or hints for the demonstrations will be given 
as appear to be needed to enable the student to develop 
them more fully for himself. 
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\.—The Great Circle the " Direct Line " of the Spherical 

Surface, 

Adopting the definition of p. 73 : 

Def A spherical surface is the surface locus of a point 
whose distance from a fixed point is equal to a given 
distance. The fixed point is its centre, any line from the 
centre to the surface a radius, and every line through the 
centre terminated both ways by the surface a diameter. 

It follows that any portion of a spherical surface may be 
moved freely to another position on the surface without 
leaving the surface and without any change of form or size. 

Also that the surface is symmetrical both with respect to 
the centre, with respect to any diameter, and with respect to 
any plane through the centre. 

The intersection of a spherical surface and a plane is the 
locus of a point in the plane, whose distance from the centre 
of the sphere is equal to the radius, and this locus is a 
circle whose centre is the foot of the normal to the plane 
from the centre and whose radius is less as the length of 
that normal is greater. 

Hence the greatest plane sections of a spherical surface 
are those with planes passing through the centre. They are 
termed great circles of the sphere, and they have radii equal 
to that of the sphere. Sections by planes which do not 
pass through the centre are termed small circles, and the 
radius of a small circle may be of any length less than 
that of the sphere. 

A great circle is completely defined by two points on the 
surface, provided that they are not the extremities of the 
same diameter ; while small circles and all other lines on 
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the surface require more than two points for their complete 
determination. 

Farther assuming ^ that between two points of the sur- 
face there is (in general) only one line less than any other 
that can be drawn between them, that line must be the 
great circle through those points ; since for any other line 
there would be another on the other side of the great circle 
symmetrical with it and therefore equal to it. 

Thus the great circle on a spherical surface is completely 
analogous to the straight line on a plane in being completely 
determined by two points, and so being the shortest distance 
between those points. 

Hence, calling that line on any surface which is com- 
pletely determined by two points the direct line for that 
surface, the great circle is the direct line of a spherical 
surface, as the straight line^ is the direct line of a plane 
surface. The lesser arc of the great circle between two 
given points in it, being the least distance between the two 
points, may be termed the direct arc between them, the 
term direct line being reserved for the whole circle. 

In the exceptional case, where the two points are the 
extremities of a diameter, any number of great circles may 
be drawn through them, and there is thus an infinite number 
of lines less than any other that can be drawn between 
them, the length of any one of these lines being the semi- 
circumference of a great circle. 

There is, of course, no such exceptional case on a plane 
surface. 

The extremities of the diameter normal to the plane of 

^ Cf. Preliminary Discussion, § 7. 

^ It should be remembered also that the straight line is the direct 
line for three-dimensional space. 
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any great circle are termed its poles^ and the direct arc 
from either pole to any point in the great circle is a quad- 
rant of a great circle. 

II. — Two Great Circles — Lunes. 

Since the planes of any two great circles intersect in a 
diameter, the circles intersect at two points at the ex- 
tremities of that diameter. Hence any two direct lines on 
a sphere meet in two points and bisect one another at those 
points. Thus they are unlike straight lines in a plane which 
either meet in one point only or are parallel. There are no 
parallel direct lines on a spherical surface. 

The angle between the two circles where they meet is the 
angle between the tangents to the circles at that point, and, 
these being perpendicular to the diameter, which is the 
intersection of the planes of the circles, the angle between 
the circles at either point where they meet is the dihedral 
angle between their planes. 

Two great circles divide the whole spherical surface into 
four parts, called lunes. It is obvious that two lunes which 
have equal angles can be brought into coincidence and so 
are equal, whence it follows that the area of a lune is pro- 
portional to its angle, so that it is the same part of the whole 
surface that its angle is of four right angles. 

The great circle of which the angular points of a lune 
are the poles bisects the lune and its bounding arcs, and the 
part of it intercepted within the lune measures the dihedral 
angle between the planes of the bounding arcs, and so also 
measures the angle of the lune. 

Measuring the angle A of the lune between ABA', AC A' 
by its ratio to a right angle, and the arc BC intercepted on 
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the circle of which A^A^ are the poles by its ratio to a 
quadrant, the measures of the angle and the arc are equal 
ratios, and we may say, for the sake of brevity, that the 
angle A is equal to the arc BC. 




It is obvious that all the properties of angles at a point in 
a plane (PL G. L 2-4, or Euc. i. 13-15) are true for angles at 
a point on a spherical surface, direct lines or great circle 
taking the place of straight lines. 

III. — Three Great Circles, Spherical Triangles, 

If three great circles are drawn on a spherical surface, 
they divide the sphere into eight regions, each of which is 
bounded by three direct arcs, and is called a spherical triangle. 

If ABC is one of these triangles, and A^, B', O the 
opposite ends of the diameters through A^ B, C respectively, 
the triangle A'B'C has its sides B'O, CA', A'B' respect- 
ively equal to the sides BC, CAy ABf and its angles 
A', B', C to the angles 4^^^^') ^^^ farther for every point F 
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in the triangle ABC there is a corresponding point /", the 
opposite end of the diameter through P, exactly similarly 
related to the triangle A'£'C, Nevertheless, as we have 
seen that the solid angle 0{AfB'O) is not superposable on 
the solid angle 0{ABC), in the same way the spherical tri- 




angle A'B'C is not superposable on ABC. The triangle 
A'B'O may be termed the opposite to ABC^ and any tri- 
angle that can be made to coincide with A^B'O may be 
said to be opposable to ABC Then, in accordance with 
the postulate assumed in Section V., we shall assume as a 
postulate of Spherical Surface Geometry the following : 

Post. Opposite or opposable spherical triangles are equal. 

The eight associated triangles into which three great 
circles divide a sphere may then be regarded as four pairs 
of equal and opposite triangles : and the relation between 
either triangle of one pair and either of another pair is that, 
while one side and the angle opposite to it are the same in 
both, the other two sides and the angles opposite to them in 
the one are supplementary to those in the other. 
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A plane is divided by three straight lines, meeting in the 
points A^ B, C, into seven regions : one the finite triangle ABC, 
three infinite regions bounded by two of the lines (as B'AC), 
three bounded by three, as ABC A, If a plane be regarded 
as the limit of a spherical surface, when its centre is at an infi- 
nite distance and therefore its radius infinite, we may say that 




the triangle A'B'C opposite to ABC is wholly at infinity, that 
the triangles AB'C, BOA, CAB' have one side wholly at 
infinity, and that the triangles BA'C, CB'A, AC'B have one 
vertex wholly at infinity, the opposite infinite triangles as 
AB'Cy ABC being equal, and the finite triangle ABC zero 
compared with the infinite spherical surface. 

It will be observed that with the definition given above 
of a spherical triangle, each side is less than half a direct line 
or the semi-circumference of a great circle, and each angle 
less than two right angles. If this restriction were removed, 
as, for instance, if one side of the triangle ABC were taken 
to be AB'A'B instead of the direct arc AB, so that the 
triangle would have a re-entrant angle at C, the propositions 
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we shall hereafter prove would not all be necessarily true. 
Thus in the supposed case the two sides AC^ CB would be 
less, not greater, than the third. 

The sides of the triangle ABC measure the angles in the 
plane faces of the trihedral angle 0{ABC)^ and its angles 
measure the dihedral angles between the faces, and the 
triangle itself measures the solid angle. 

Each side of a spherical triangle (being the direct line 
between two points, is less than any other lines connecting 
those points, and so) is less than the sum of the otJier two 
sides. 

This is equivalent to, and is a proof of, Th. XVI 11. 

The sum of the three sides is less than the circumference of 
a great circle, . 

For EC being less than A'B -f A^C, 
BC -{- CA + AB is less than A'BA + A'CA or two semi- 
circumferences. 

This is equivalent to, and is a proof of, Th. XIX. for 
the case of a trihedral angle. 

£x. Extend the proof to the case of a spherical polygon^ 
subtending a polyhedral angle. 

IV.— The Polar Triangle. 

On AB^ A C, two sides of the triangle ABC^ take the 
quadrants AD, AE, and similarly on BC, BA, take the 
quadrants BF, BG, and on CA, CB the quadrants Clf, CK\ 
then A, B, C are respectively the poles of the direct lines 
through D and E, 7^ and G, H and K. Then since B is 
the pole of the line FG, and C that of the line HK, if FG 
and -ATZTintersect in X^ ^A'and CXare both quadrants, and 



Sect. VI.] SPHERICAL SURFACE GEOMETRY, 



117 



therefore ^ is the pole of BC, Similarly if IfHC and ED 
intersect in Y, Fis the pole of CA^ and if DE and GF 
intersect in Z, Z is the pole of AB, Thus the triangles 
ABC, XVZ are so related that, A, B, C being the poles of 
yZ, ZX, XY, respectively, XyY,Zaxe the poles of BC, CA, 
A By and each is then said to be the polar triangle of the 
other. 




Since X is the pole of BC, 

the angle X^KF=^ KC + BE- BC, 

so that, KC, BE being quadrants, the arc measure of X and 
the arc BC are supplementary. 

Also, since A is the pole of YZ, 

the angle A =^ DE = YE + ZD- YZ, 

so that YE, ZD being quadrants, the arc measure of A and 
the arc YZ are supplementary. . 
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Similarly the angles Y^ Z are supplementary to CA^ AB^ 
and the angles B^ C supplementary to Z^, -AT y respectively. 

Hence the sides of the polar triangle are tJie supplements 
of the angles of the original triangle^ and the angles of the 
former the supplements of the sides of the latter. 

It should be observed that we have taken Xon the same 
side of -5 C as A^ Fon the same side of CA as B^ and Z on 
the same side of AB as C If X'^ Y\ Z are the poles opposite 
to Xy V, Z, of the triangles associated with XYZ all but 
X' YZ have two sides, and the angles opposite to them 
equal to two angles and the sides opposite to them in the 
triangle ABC, and the third side and third angle only 
supplementary to the third angle and third side. Thus 
X' YZ has the angles at Y, Z equal to AC, AB respectively, 
and the sides X' Y, -Y'Z equal to the angles C, B respectively, 
but the angle X' supplementary to BC, and the side YZ 
supplementary to A. It may in fact be regarded as the 
polar triangle of A'BC, 

V. — Spherical Excess, 

We can now prove that the sum of the angles of a 
spherical triangle is greater than two right angles. 

For the sum of the angles of the triangle and the sides 
of the polar triangle is equal to six right angles, and the 
sum of the sides of the polar triangle being less than four 
right angles, the sum of the angles of the triangle is greater 
than two right angles. 

This is equivalent to, and is a proof of, Th. XX. 

The sum of the angles of a spherical triangle may have 
any value between two and six right angles. 

Since the sum of the angles of a plane triangle is two 
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"5^^t angles, the excess of the sum of the angles of a 
spierieal triangle over two right angles is termed its 
^P^rical excess. 

The spherical excess may have any value less than four 
right angles. 

Pleasuring angles by their ratios to a right angle, and E 
^^noting the spherical excess of the triangle ABC^ 

£ =^ A + B + C— 2. 

Ex. I. Show that -fi"^ being the spherical excess of 
A' BC or AB'C, Ea = 2A-E. 

2. Show that the spherical excess of a triangle is less 
than double its least angle. 

VI. — Area of a Spherical Triangle. 

Since the triangle ABC is equal to A'B'C (Fig. p. 114), 
the sum of the triangles CAB, CA'B' is equal to the lune 
whose angle is C, Also the sum of the triangles ABC, 
ABC is equal to the lune whose angle is A, and the sum 
of the triangles ABC, AB'C is equal to the lune whose 
angle is B. 

Hence, observing that the four triangles ABC, A'BC, 
A'CB', AB'C make up the surface of a hemisphere, the 
sum of twice the triangle ABC and the hemispherical sur- 
face is equal to the sum of the lunes whose angles are 
A, B, C. 

Therefore, observing that the area of the lune whose 

angle is a right angle is J of the surface of the sphere, 

2 X the area of ABC > r, ^ 

i ^ ^-r r — +2^A + B+C, 

\ X surface of the sphere 
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the angles A^ B^ C being measured by their ratio to a 
right angle ; 

so that 

the area of a spherical triangle 

surface of the sphere 

the spherical excess of the triangle 
" eight right angles 

In a quadrantal triangle — that is, one whose sides are 
quadrants — the angles are right angles and the spherical 
excess is a right angle ; whence its area = J x the surface 
of the sphere, and 

the area of a spherical triangle 
the area of a quadrantal triangle 

the spherical excess of the triangle 
a right angle ' 

so that, if the unit of area be that of a quadrantal triangle, 
and the angular unit a right angle, we may say that 

{the measure of) the area of a spherical triangle — (tJiat of) 
its spherical excess. 

The above is the equivalent of Th. XXII., a trihedral 
angle being measured by the triangle which it subtends on 
the surface of a sphere whose centre is the vertex of the 
trihedral angle. 

It should be observed that the areas here spoken of are 
not absolute areas,"^ but areas relatively to the given spherical 

^ Observe also that on a given spherical surface the circumference of 
a great circle affords a natural unit of length, and the area of the sur- 
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surface. Their absolute value depends on the magnitude of 
the sphere. 

VII. — Properties of a Spherical Triangle compared with those 

of a Plane Triangle, 

I. In a plane triangle an exterior angle is greater than 
either of the interior opposite angles. This is not always 
the case in a spherical triangle. 





Let the side BC oi the triangle ABC meet the direct line 
through B and -S, the middle point of AC^ in B\ and on 

face a natural unit of area, just as a right angle is a natural unit of 
angle. On a plane surface, of course, there is no natural unit of length 
or area. 
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EB^ take -E/^ equal to EB : then according as BE is less 
or greater than a quadrant, 7^ will fall within the angle ACB' 
or beyond it. Now if the triangle AEB is turned about E 
through two right angles, A will come to C and B to E, and 
the angle EAB will coincide with ECE: hence as BE is 
less than, equal to, or greater than, a quadrant, the exterior 
angle ACB\ is greater than, equal to, or less than, ECE^ that 
is, than the interior angle A opposite to the side BC which 
is produced. 

The same is true for the exterior angle BCA' (and 
therefore for ACB which is equal to it), and the interior 
angle B, according as AD is less than, equal to, or greater 
than, a quadrant, D being the middle point of B, Hence, 

The exterior angle of a spherical triangle is greater than^ 
equal to, or less than, either of the interior opposite angles, 
according as the direct arc from the other to the middle point 
of the opposite side is less than, equal to, or greater than, a 
quadrant. 

Observe that in the case of a plane triangle F could not fall 
beyond BCD', because two straight lines which meet at one point 
(JB) cannot meet again. 

Ex, I. If the alternate angles, which AC makes with 
BAB', BCB, are equal, the semi-circumference BEB 
through the middle point Eoi AC\^ bisected in E, Deduce 
from this a proposition in plane geometry. 

Ex, 2 . The exterior angle A CB' ^ A,\i BC and BA are 
supplementary, and conversely. 

Ex, 3. If two angles of a triangle are supplementary, the 
sides opposite to them are supplementary. 



Sect. VL] SPHERICAL SURFACE GEOMETRY, 123 

JEx, 4. If the angles adjacent to a given side of a triangle 
are supplementary, the locus of the vertex is a great circle. 
What fact in plane geometry is deducible ? 

Ex. 5. If the angle opposite to a given side is supple- 
mentary to one of those adjacent to that side, the locus of 
the vertex is a small circle. 

2. If two sides of a triangle are equals the angles opposite 
to tlum are equal: and conversely, (Cf. Th. XXI.) 

In the triangle ABCXtX. A£.he equal to AC; then each 
is equal to both A'^ and A'O of its opposite triangle 
A'B'O, and the triangle ABC may be so moved on the 
spherical surface that A C comes to coincide with A'JB' and 
AB with A'C\ and therefore BC with OB'. Hence the 
angle B coincides with and is equal to the angle O, but the 
angle O is equal to C, therefore the angle B is equal to the 
angle C. 

For the converse, if the angles B, C are equal, in the 
polar triangle the sides ZX, XYaxe equal, and therefore, by 
what has just been proved, the angles y, Zare equal, whence 
the sides AC, AB are equal. 

The simplest proof of this proposition for a plane triangle 
consists in showing that, if two isosceles triangles coincide, they 
can be made to coincide after turning one of them over and 
replacing it on the other. (Cf. PL G. I. 6.) This, involving the 
moving of the triangle out of its plane, is inapplicable to the 
case of the spherical triangle, since when thus turned over, if 
the angular points were brought into coincidence, the arcs 
between them would not coincide. On the other hand the proof 
here given for the spherical triangle is inapplicable to the plane 
triangle, since it has no opposite triangle, at least at a finite 
distance from it. 
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3. If two angles of a triangle are unequal^ the sides opposite 
to them are unequal^ that being the greater which is opposite 
to the greater angle : and conversely. 




In the triangle -^^Clet the angle ACB be greater than 
ABC, and let the angle BCD be equal to ABC, 

Then BD = CD, and therefore BA = CD + DA, and 
therefore > CA, 

Hence, according as the angle B is greater than, equal to, 
or less than, C, 

so is ^C greater than, equal to, or less than, AB : 

and therefore conversely, as AC is greater than, equal to, or 
less than AB, 

so is the angle B greater than, equal to, or less than, C. 

The proof of this proposition usually given in plane geometry 
(PL G. I. II, 12, or Euc. I. 18, 19) is not applicable to spherical 
geometry, since it depends on the fact of the exterior angle of 
a triangle being greater than the opposite interior angle. 

The proof here given however is applicable to the plane tri- 
angle, if we admit the postulate that there is not more than one 
line joining two points in a plane which is shorter than any 
other line or lines joining them. 
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VIII. — Different conditions under which triangles are equal 

in all respects. 





Spherical triangles are equal in all respects either if they 
are superposable, as ABCy DEF (Fig. i), or if they are 
opposable, that is, the one superposable on the triangle 
opposite to the other, as ABCy DEF (Fig. 2). 

Different conditions under which this is true are the 
following : — 

1 . If two sides and their included angle in the one are equal 
to corresponding parts in t/ie other, (PI. G. I. 5, or Euc. I. 4.) 

The proof is identical with that for plane triangles by 
superposing DEF (Fig. i) on ABC, and DEF (Fig. 2) on 
A'B'O, the opposite to ABC. 

The remarks in small type on VII. 2 apply here also. 

2. If two angles and their commoft arm in the one are 
equal to corresponding parts in the other. (PI. G. I. 6, or Euc. 
I. 26, first case.) 

The proof is by superposition on ABC or A' BO, as in 
the last case. (Cf. PL G. I. 6.) 

Ex, Prove this also by means of the polar triangle. 

3. If the sides of the one are severally equal to those of the 
other, (PI. G. I. 18, or Euc. I. 8.) 
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Make one side, as DF^ coincide with the corresponding 
side, ^C or AC, of ABC or ABC, so that the vertices 
E and B or E and B lie on opposite sides of -^C or AC 
Then the proof is the same as that with the corresponding 
construction for plane triangles. (Cf. PI. G. I. i8, second 
proof.) 

4. If the angles of the one are severally equal to the angles 
of the other. 

In this case the sides of the polar triangle of the one are 
equal severally to the sides of that of the other, therefore by 
the last case their angles are equal, and therefore the sides 
of the original triangles are equal. 

There is of course no corresponding proposition in plane 
geometry, the three angles of a plane triangle not being in- 
dependent, as they are in a spherical triangle, but connected by 
the condition that their sum is two right angles. In a plane 
triangle, shape (determined by the angles) and size (determined 
by the sides) are independent, but in a spherical triangle the 
shape determines the size, and the size determines the shape. 



IX. — Greatest and least distances of a point from a given 

great circle. 
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Let A be the pole of a given great circle and D a, given 
point, and let the direct line (or great circle) through A and 
J? cut the given great circle in B, B', and let £ be the pole, 
of BDS^ so that E is on the given great circle and bisects 
the semi-circumference between B and B, Then if P be 
a point on the great circle between D and E^ the exterior 
angle DPE is greater than the interior angle DBF^ since 
the direct arc from Z> to the middle point of BFh less than 
a quadrant (the circle of which D is the pole lying, on this 
side of -£■, below BEB') : therefore DBE being a right 
angle, DPE is an obtuse angle and DPB an acute angle, 
so that DP is greater than DB and less than DB*, 

' Also if P' be a point in EB*, the direct arc from D to 
the middle point of B'P being greater than a quadrant, the 
exterior angle DFB is less than DB'E, and is therefore 
acute, so that DPB' is obtuse, whence, as before, DP is 
greater than DB and less than DB, Hence DB, DB' are 
respectively the least and greatest distances from D to the 
given circle. 

Also if C be a point between B and P, since DQP is 
obtuse and DPQ acute, DP is greater than DQ, 

Further, from the symmetry with respect to the plane 
BAB', for every line DP there is an equal line Dp on the 
other side of BAB', such that Bp = BP, and there can be 
no other line equal to DP, 

Hence we have proved the following proposition : — 

Of all the direct arcs that can be drawn on a spherical 
surface to a given direct line on it from a given point not in 
that line, the two direct arcs perpendicular to the given line 
are, the greater of them the greatest, and the less the least: 
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and of the others those which are drawn, to points at equal 
distances from the foot of either perpendicular are equals and 
that drawn to a point nearer to the foot of the least an is 
less than that drawn to a point farther from it. 

Compare this with Theorem XIV., and also with the 
corresponding proposition in plane geometry (Pi. G. 1. 15). 

Ex, I. Prove that if EP = EP\ the angles DPB and 
DP'B are equal, and the sides DP^ DP supplementary. 

Ex, 2. Hence prove VIII. 4 directly without the aid of 
the polar triangles. 

X. — Ambiguous Cases, 

I. If two triangles have two sides of the one respectively 
equal to two sides of the other and the angles opposite to one 
pair of equal sides equals then the angles opposite to the other 
pair of equal sides are either equal or supplementary^ and in 
the former case the triangles are equal, (Cf. PI. G. I. 20. 
In Euclid, this case, wanting in Book I., is implicitly treated 
in VI. 7.) 





In the triangles ACB^ DFE let AC^ CB be respectively 
equal to DF^ FE^ and the angles A^ D equal, then by 
superposing DFE on ACB so that DF coincides with AC 
and DE falls along -4j5, E must coincide either with B or 
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with B\ a point on the other side of the perpendicular CH 
such that HB' is equal to HB^ since (by IX.) no other line 
from C can be equal to CB or FE, 

In the former case the triangles coincide :* in the latter 
ABC is equal to CBB^ and therefore supplementary to 
ABC^ so that DEF\s supplementary to ABC. 

For the discussion of the additional condition, which in 
a particular case decides between the two possibilities thus 
proved, the student is referred to treatises on spherical 
trigonometry, especially that by McClelland and Preston, 
Part I., Arts. 70-75. 

2. If two triangles have two angles of the one respectively 
equal to two angles of the other and the sides opposite 4o one 
pair of equal angles equals then the sides opposite the other 
pair of equal angles are either equal or supplementary^ and in 
the former case the triangles are equaL 

This follows from the preceding proposition applied to 
the polar triangles. 

The annexed figure shows how the ambiguity arises. 




AD is the perpendicular on BCixom. A, DE a quadrant, 
and therefore E the pole oi AD, If EC = EC, ACB = 
AC'B and ^C" is supplementary to ^C (cf. IX. Ex. i), so 
that the triangles ABC, ABC have the side AB and the 
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angle B common, and the angle ACB = AC'B; but they 
are unequal. 

For the corresponding proposition in plane geometry, see 
PI. G. I. 19, or Euc. I. 26, second case. The ambiguity 
ceases, when the spherical surface becomes plane by the 
radius of the sphere becoming infinite, since ABC remain- 
ing finite, £ and therefore O goes off to an infinite distance. 

XI. Since on a spherical surface all direct lines (or great 
circles) intersect without exception, there are no propositions 
directly corresponding to the propositions involving parallels 
in plane geometry, and the classification of quadrilaterals as 
parallelograms, rectangles, and squares is inapplicable, so 
that the propositions as to areas in Euclid from I. 35 to the 
end of Book II., or PI. G. Book II., have no direct analogues 
in Spherical Geometry. 

Farther, since shape and size are not independent on a 
spherical surface, the doctrine of similar figures has no place 
in Spherical Geometry. 

The analogue to a circle in Plane Geometry is a small 
circle of the sphere in Spherical Geometry. It will be a 
useful exercise for the student to examine, as to the different 
properties of the circle proved in elementary plane 
geometry, which have, and which have not, directly corre- 
sponding propositions in Spherical Surface Geometry. 

The farther geometry of a spherical surface may be best 
studied in connection with Spherical Trigonometry. For 
this the student may be referred to Pt. II. of McClelland 
and Fieston^s Treatise on Spherical Trigonometry, 

THE END. 
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